HYPERSURFACE SINGULARITIES IN POSITIVE CHARACTERISTIC. 
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Abstract. We present results on multiplicity theory. Differential operators on smooth 
schemes play a central role in the study of the multiplicity of an embedded hypersurface at a 
point. This follows from the fact that the multiplicity is defined by the Taylor development of 
the defining equation at such point. On the other hand, the multiplicity of a hypersurface at a 
point can be expressed in terms of general projections defined at suitable etale neighborhoods 
of such point: The restriction to a hypersurface embedded in a d-dimensional smooth scheme, 
of a general projection on a c? — 1 dimensional smooth scheme, induces a finite morphism on 
the hypersurface. And the multiplicity of the hypersurface at a point is also defined as the 
degree of this finite morphisms. 

In this paper we relate both approaches. In fact we study invariants of embedded hypersur- 
faces, defined in terms of differential operators, which express properties of the ramification of 
the finite morphism. Of particular interest is the case of hypersurfaces over fields of positive 
characteristic. 

A central result in multiplicity theory is a form of elimination of one variable in the 
description of highest multiplicity locus. This form of elimination, known over fields of 
characteristic zero, is achieved with the notion of Tschirnhausen polynomial introduced by 
Abhyankar. 

In this paper we provide a characteristic free approach to this form of elimination, and 
present new invariants. Our alternative approach is based on projections on smooth d — 1- 
dimensional schemes. 

The properties of this new form of elimination remain weaker in positive characteristic, 
then it docs in characteristic zero, when it comes to compatibility of elimination with per- 
missible monoidal transformation; and this opens the way to new questions. Wc also discuss 
here the behavior of other well known invariants, attached to a singularity at a point ( to the 
tangent cone), with this form of elimination. 



Contents 



Part 1. Introduction. 



2 
6 
22 
25 
28 



1. Finite coverinEfs: multiplicity and ramification 




2. On graded and relative differential structure; 



3. Differential structures on smooth scheme; 



4. Simple structures in smooth schemes and 



Date: Oct. 2006. 



Key words and phrases. Singularities. Differential operators. 
2000 Mathematics subject classification. 14-E15. 



1 



2 



ORLANDO VILLAMAYOR U. 



5. On differential invariants and proiections 



6. Monqidal transformations of structures and examples, 
References! 



34 
41 
45 



Part 1. Introduction. 

Let {S, M) denote a local ring, and fix a monic polynomial f{Z), of degree b at S[Z]. This 
defines a finite ring extension S C S[Z]/ {f{Z)), and hence a finite morphism 

Spec{S[Z]/{f{Z))) ^ Spec{S). 

It seems clear that a lot of information of this finite morphism is encoded in the coefficients 
of the monic polynomial f{Z). The first section of our paper is devoted to this point. It turns 
out that the higher differential operators in the variable Z are closely related to ramification 
theoretical methods. 

The clarification of this point, initiated in is the objective of Section 1; where we 
present the fundamental results on which our development will rely. The tools developed in 
this first section will open the way for explicit computation in the last section. 

Briefly speaking, in this first section we produce a universal morphism vr, on which the 
permutation group acts; and our invariants arise as the invariant subring by this finite group 
action. 

Our study of hypersurfaces embedded in a smooth n-dimensional scheme, with be reduced 
to the study of finite coverings defined in terms of one variable Z, name f{Z) G S[Z] as 
above, where S" is a local regular ring at a point of a smooth (n-l)-dimensional scheme, as we 
shall indicate below. 

Let us recall some properties of higher order differential operators in the study of multi- 
plicity theory, in order to motivate the development in the coming sections. 

Let be a smooth scheme over a field k, and let J C Oy be a non-zero sheaf of ideals. 
For example take J to be the sheaf of ideals defining a hypersurface. Define a function, say 

ordj : V ^ 

where ordj{x) denotes the order of at the local regular ring Ov,x- Let b denote the biggest 
value achieved by this function (the biggest order of J). The pair (J, b) is the object of interest 
in Log principalization of ideals. There is a closed set attached to this pair in V, namely the 
set of points where J has order b. So if J is a locally principal ideal (defining a hypersurface), 
the closed set is the set of points of multiplicity b at the hypersurface. 

For any non-negative integer s the sheaf of fc-linear differential operators of order s, say 
Dif fk, is coherent and locally free over V. There is a natural identification, say Dif = Oy, 
and for each s > there is a natural inclusions Diff^ C Diff^'^^. 

If U is an affine open set in V, each D G Diff^{U) is a differential operator: D : Ov{U) 
Ov{U). We define an extension of a sheaf of ideals J C Oy, say Diff^{J), so that over the 
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affine open set U, Dif f^{J){U) is the extension of J{U) defined by adding all elements D{f), 
for all D e Diffl{U) and / e J{U). 

Diff{J) = J, and Diff%J) c DifP+\J) as sheaves of ideals in Oy Let V{J) dV he 
the closed set defined by J G Oy- So 

V{J) D V{Diff\j)) D...D V{Difr\j)) D V{Difnj)) . . . 

It is simple to check that the order of the ideal at the local regular ring Ov,x is > s if and 
OTAyilxeV{Diff'~^{J)). 

The previous observations say that ordj : V ^ Z is an upper- semi-continuous function, and 
that the highest order of J (at points a; e is 6, if V{Diff\J)) = and V{Difp-\J)) ^ 0. 
There is a notion of transformation of pairs (J, 6), defined by monoidal transformations. Let 

V ^ 

u u 

Y 7r-i(y) = H 

denote the blow up of F at a smooth sub-scheme Y , where H is the exceptional hypersurface. 
If F C V{Dif f'^~^{J))) we say that tt is 6-permissible. In such case we can set 

where I{H) is the sheaf of functions vanishing along the exceptional hypersurface H. 

If TT is 6-permissible, Ji has at most order h at points of Wi (i.e. V{Dif f'^{Ji)) = 0). If, in 
addition, Ji has no point of order b, then we say that vr defines a h- simplification of J. 

If V{Dif f^^^{Ji)) 7^ 0, let Vi V2 denote the monoidal transformation with center 
Yi C V{Difp{Ji)). We say that tti is 6-permissible, and set 
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So again J2 has at most points of order h. If it does, define a 6-permissible transformation at 
some smooth center Y2 C V{Dif f~^{J2))). 

For J and h as before, we define, by iteration, a 6-permissible sequence 

and a factorization Jn-iOy^ = I{Hn)^Jn- 

Let Hi C Vn denote the strict transform of exceptional hypersurface Hi C Vi^i. Note that: 

1) {H, Hi, . . . , Hn-i} arc the irreducible components of the exceptional locus oi V <— Vn- 

2) The total transform of J relates to J„ by an expression of the form 

JOv^ = I{HY°I{H,Y' ■ ■ ■ I{Hn-irJn. 

We say that this 6-pcrmissiblc sequence defines a h-simplication of J C Oy if Uif^ has 
normal crossings, and V{Dif f^^^{Jn)) = (i.e. J„ has order at most 6 — 1 at Vn). 

When A; is a field of characteristic zero, and b is the highest order of a sheaf of ideals J C Oy, 
Hironaka proves that there is a 6-simplification. Furthermore, taking this as starting point, 
he indicates how to achieve resolution of singularities. 
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The key point for 6-simplification, already used in Hironaka's proof, is a form of induction. 
In fact, Hironaka proves 6-simplification by induction on the dimension of the ambient space 
V. To simphfy matters, assume that J is locally principal, and let b denote the highest order 
of J along points in V, which is now smooth over a field of characteristic zero. Let 

{ordj > b} 

denote the closed set {x G V/ordj{x) > b} (or say = b). 

Fix a closed point x G {ordj > b}, and a regular system of parameters {xi, X2, ■ ■ ■ , Xn} at 
Ov,x- For any a = (ai, . . . , «„) G N", set |a| = ai + ■ ■ ■ + a„, and 

1 1 d"" 
A" = (- — )— . 

ai! a„! (9""a;„ 

If Jx is locally generated by / G Ov,x, then / has order b at Ov,x, and 

{Dtff-\j)), = {f,A^{f)/0<\a\<b). 

The key point is that the order of {Dif f^~^{J))x at Ov,x is one. This holds when is a field 
of characteristic zero. 

Recall that V{Dif f'''^{< / >)) = {ordj > b} locally at x. One way to check that 
[Dif f'^~^{J))x has order one at Oy^x^ is to check this at the completion Oy^x^ say R = 
k'[[xi, ..yXn]]- We may choose the system of parameters so that, for a suitable unit u: 

u.f = f^ = Z^ + aiZ^-^ + ■ • ■ + a;, G S[Z] 

S = k[[xi, ..,Xn-i]], and Z = x„. As /c is a field of characteristic zero, S[Z] = S[Zi], where 
Zi = Z + , and we obtain a Tschirnhausen polynomial (Abhyankar-Moh): 

A = Z', + a'X'' + ■■■ + <■ 

Then: 

A) Zi G Diff^-\f) (in fact |^ G Diff^-\f)). In particular the ideal Diff''-\f) 
has order one at x, and the closed set {ordj > b} is locally included in a smooth scheme of 
dimension n — 1. 

"B) [Elimination of one variable.) {ord / > &}(c V{Zi)) can be described as 

{ord f > b} = n2<i<b{ord a[> b — i}. 

C) {Stability of elimination.) Both A), and the description in B), are preserved by any 
6-permissible sequence of transformations. 

We will not go into the details of A), B) and C). But let us point out the elimination of 
one variable in (B). In fact the closed set {ord f > b} defined in terms of /, is also described 
as r\2<i<b{ord a[>b — i}, where now the a\ involve one variable less. 

As indicated above, A),B), and C), together, conform the essential reason and argument 
in resolution of singularities in characteristic zero (see also [201 )• They rely entirely on the 
hypothesis of characteristic zero. For instance A) does not hold over fields of positive char- 
acteristic; so there is no way to formulate this form of induction over arbitrary fields. 
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The objective of these notes is to report on a different approach to ehmination (B), which 
can be formulated over arbitrary fields which we discuss below (see also ^36 ). 

Suppose, for simplicity, that V is affine, that / is global in Oy, and that b is the highest 
order of J = (/). We will assign to J and b (i.e. to (J, &)), a graded subring of Ov[W]. In 
this case we consider the subring Ov[fW^]{(Z Ov[W]). Namely, the Ov-subalgebra spanned 
by fW\ 

In general, if V is affine, we define a Rees algebra as a subring of Ov[W] generated over 
Ov by a finite set, say {fiW"-^, f2W"'^, . . . , fgW"^"}. These subrings can also be expressed as 
0^>g JfcVr'^, Iq = Ov, and each is an ideal. 

To any Rees algebra, say Q = ®k>o^kW', we attach a closed set, say Sing{Q), which 
consist of the set of points x & V suclT that for all positive integer n, the order of at the 
local regular ring Ov,x is at least n. One can easily check that in the case Q = Ov[fW^] (as 
above), then Sing{Q) is the set of points of multiplicity b of the hypersurface defined by /. 

We say that 0fc>o-^fcW^^ has differential structure, if D{In) C In-t for < r < A^, and 
D G Diffl 

There is a natural extension of a Rees algebras ^, to a differential algebra, say Q = 
^kyo-^kW' C 0fc>o-^fcW^'^ = G'- We say that Q' is the differential structure spanned by Q. 
It has the property that Sing{Q) = Sing{Q'). In particular, if Q = OylfW^], then it has a 
natural extension to a differential structure Q', and Sing{Q') is the set of points of multiplicity 
b in the hypersurface defined by /. 

Our form of elimination of one variable is defined in the context of differential structures. 
Let ^ is a differential structure on a smooth scheme V of dimension d, and fix x G Sing{Q). 

We consider here smooth morphisms n : V ^ V'^^\ defined at an etale neighborhood of 
X G where V^*-^-* is smooth of dimension d —1. 

Given a differential structure Q C Oy (over V) and a smooth morphism n -.V ^ V'^'^\ we 
define a differential structure, say IZg, over the smooth ci — 1-dimensional scheme V'^^\ So IZg 
is defined only in terms oiix -.V ^ V"*-^-* and Q C Oy- It has the property that Sing(Q){c V) 
can be identified with SingiTZg) in y*^^) via tt. Here IZg is called the elimination algebra. 

In the particular case in which Q is the differential algebra spanned by Ov'l/W^^]) then 
Sing{Q) is the set of points of multiplicity b in the hypersurface defined by /, which can be 
identified with SingiTZg)) , defined now in a d — 1-dimensional scheme. This is our approach 
to (B). 

As for the notion of stability of elimination (see (C) above), results remain stronger over 
fields of characteristic zero, where they provide an alternative approach to induction in desin- 
gularization theorems. This point is still to be understood over arbitrary fields, some sugges- 
tive properties are discussed in the last Section 6. 

In the case hypersurfaces over fields of positive characteristic this form of elimination opens 
the way to new invariants that grow from the development, and treated in Sections 5 and 6. 

Differential structures are treated in full detail in the work of Hironaka: [221 , |231 , |211 , 
relation to the theory of infinitely closed points. They appear in Wlodarczyk's work |27j. 
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and play a central role in Kollar's presentation in (|2^), particularly with his notion of tuned 
ideals. They are also studied in Kawanoue's paper ^E^. 

I profited from discussions with Ana Bravo, Vincent Cossart, Marco Farinati, and Monique 
Lejeune. 

1. Finite coverings: multiplicity and ramification. 

1.1. Let {S,M) denote a local ring, and fix a monic polynomial f{Z), of degree b at S[Z]. 
This defines a finite ring extension S C S[Z]/ {f{Z)), and hence a finite morphism 

Spec{S[Z]/{f{Z))) ^ Spec{S) 

This finite morphism is said to be purely ramified at a prime P G Spec{S), when the 
geometric fiber at P has a unique point. 

Equivalently, set k{P) an algebraically closed field extension of the residue field k{P), then 
the morphism is purely ramified at P if and only if the class of f{Z) in k{P)[Z] has a unique 
root. 

We begin by describing the set of prime ideals in Spec{S) for which the finite extension is 
purely ramified. 

Our arguments, for this and further properties of this finite morphism, focus on two obser- 
vations. Since the finite morphism is determined by the monic polynomial f{Z) G S[Z], many 
properties of the morphism should be encoded in the coefficients. On the other hand, changes 
of variables of the form Zi = Z — s, s ^ S do not affect the finite extension S C {f{Z)). 

Definition 1.2. Consider the homomorphism of 5* algebras, say Tay : S[Z] S[Z,T], 
defined by setting Tay{Z) = Z + T. For each F{Z) G S[Z], 

Tay{F{Z)) = Y,9k{Z)TK 

This defines, for each index > 0, an operators A'^ : S[Z] S[Z]., by setting A^{F{Z) = 
gk{Z), or say 

TayiFiZ)) = J2^\FiZ))TK 

The are known as differential operators of degree k. These are S'-linear operators; 
A"(Z") = 1 and A^'(Z") = for > n. 

Note that the morphism Tay, and the operators A'^, are compatible with change of the 
base ring S, and also with changes of variable, in S[Z], of the form Zi = Z — s, s ^ S . 

Lemma 1.3. Fix f{Z) G K[Z] monic of degree b, where K is an algebraically closed field. 
The following are equivalent: 

1) f{Z) = {Z — for some a E S. 

2) The class of /S^{f{Z)) in K[Z]/ {f{Z)) is nilpotent for all integer < k < b. 

Proof. That 1) implies 2) is clear. 

Let f{Z) = [Z — 0L\)^^ ■ [Z — a-i)^"^ ■ ■ - (Z — «r)^'' be the expression of the monic polynomial 
in terms of its r different roots; so ^ /3j = b. We prove that 2) implies 1) by showing that 
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the class of the ideal (A^'(/(Z)),0 < A; < 6 - 1) C K[Z] is nilpotent in K[Z]/{f{Z)) only 
when r = 1. Assume that r > 2, and set G{Z) = {Z - 02)^^ ■ ■ ■ {Z - arf\ so /(Z) = 
(Z-ai)^i ■G'(Z), and A < 6. 
So 

Tay{f{Z)) = Tay{{Z - " Tay{G{Z)) e K[Z, T], 

and Tay{{Z — ai)^^) is a monic polynomial of degree (3i in T. 
On the other hand, at {K[Z]/{Z - ai))[T] (= K[T]), 

Tay{{Z-a,f^)=TP^ 

and 

Tay{G{Z)) = G{ai) + terms of degree > 1 in T, 

where G{ai) (the class of G{Z) in K[Z]/ {Z — ai)) is non-zero. This shows that A^^{f{Z)) ^ 
{Z — ai), and hence the class of the element A^'^{F{Z)) in the ring K[Z]/ {f{Z)) is not 
nilpotent. 

□ 

1.4. Our proof shows that either f{Z) = {Z — a)'' for some a G i^, or the ideals {f{Z)) and 
(A"(/(Z)), 1 < a < 6 — 1) are coprime in K[Z]. 

This seems to link with a question raised by Eduardo Casas: if either f{Z) = {Z — a)^ for 
some a E K, or f{Z) and A"(/(Z)) are coprime in K[Z] for some 1 < a < 6 — 1. 

1.5. On the general strategy. If we fix a field k and consider 5* in the class of fc- algebras, 
then there is a universal monic polynomial of degree b within this class. 

Let k[Yi, . . . ,Yf,] he a polynomial ring over a field k. We will denote by Rb the ring of sym- 
metric polynomials in b variables with coefficients in k. Here s^^i, . . . , Sb^b will denote the sym- 
metric polynomials in b variables, where each s{b, i) is homogeneous of degree i in k\Yi, . . . , yj,]. 
Therefore Rb = k[sb,i, ■ ■ ■ , Sb,b] is a weighted homogeneous subring in k[Yi, ... ,Yb]. 

Set 

Fb{Z) = {Z- Fi) .{Z-Y2)---{Z~ Yb) G k[Y,, Yb][Z] 
the generic polynomial of degree b. Recall that 

Fb{Z) =Z'- Sb,iZ'-^ + ■■■ + {-l)'sb,b e Rb[Z], 

and note that any monic polynomial of degree b over a k algebra is obtained from Fb{Z) G 
Rb[Z] by base change. 

Let Sb denotes the symmetric group acting on A;[Fi, . . . , Yb] in the usual manner, so that 

Rb = k[sb,i, . . . , Sb,b\ = k[Yi, . . . , Ybf". 
We shall show, via Galois correspondence, that there are natural i?b-isomorphisms 

Rb[Z]/{Fb{Z)) = Rb[Y,], 
for any index j, where -Rbf^] is a subring of k[Yi, . . . , Yb] ()1.6t 3)). 
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There are various properties of a finite extension S C S[Z]/ {f{Z)) , defined by a monic 
polynomial f{Z) G S[Z], which can be expressed in terms of the coefficients, and are inde- 
pendent of changes of the form Zi = Z — s, s & S . Such is the case of the ramification locus 
of the induced finite morphism, described by the discriminant, which is invariant by those 
changes of Z. 

Note that the action of S'f, on A;[Y'i, . . . , Yb] restricts to an action on the subring 

k[Y2-Yu...,Yb-Y,] = k[Z,,,] 

where Zij = Yi — Yj, 1 < i, j < b. In what follows we denote 

(1.5.1) Rb = k[Y2-Yu...,Yb-Yif\ 

the subring of invariants by this action. So 

Rb = Rbn k[Y2 - Fi, . . . , n - FiKc k[Yi, Yb]). 

Elements of Rb, are elements in Rb, that provide, for any monic polynomial f{Z) G S[Z] of 
degree b, equations on the coefficients which are independent of changes of the form Zi = Z—s, 
seS. 

1 1 the next sections we study generators of Rb, and also its weighted structure as subring 
of the graded ring k[Yi, Y2, . . . , Yb]. It is also a graded subring of Rb, which is mapped to S, 
for f{Z) G S[Z] as above. In particular, an homogenous element H of degree, say r, in Rb, 
maps to an element, say h, in 5*. However in our development we want to recall the degree of 
H. To this end in ll.39|) we will add a dummy variable W that will recall the weight, and we 
assign to H the element h ■ in the ring S'[iy]. Furthermore, as Rb is a finitely generated 
algebra generated by homogeneous element in Rb, say Rb = k[Hi, . . . , Hg], where each Hi is 
homogeneous of degree r,, then we will consider, by change of base ring, the S subalgebra in 
S[W] generated by {hi - W^^ , . . . ,hs- W^^}. Rb is just one example of a graded ring that will 
arise. The graded structure of our invariant rings will play a central role in the development. 

Remark 1.6. 1) Note that 

dim(A;[ri - Y2, Fi - n, . . . , n - Yb])=dim{k[Yi - Y2, Y^ - Y^, . . . ,Yi - Yb])'^) =6-1. 
2) Identify Sb-i with the subgroup of permutation in Sb fixing Yi, so 

{k[Yi - Y2, Yi-Y3,...,Yi- Yb])'" = mYi - Y2, Fi - F3, . . . , 1^1 - Yb])'"'')'"'' . 

3) 

{k[Yi - Y2, Yi-Y,,...,Yi- Yb])'"-' Ck[Yi,..., Yb]'"-' = k[sb,i, Sb,b][Yi]. 
Proof. We check that k[Yi, . . . , Yb]'"-' = k[sb,i, . . . , Sf,_;,][Fi]. The inclusion 

k[Yi,...,Yb]'"-'Dk[sb,i,...,Sb,b][Yi] 

is clear. Let ■ ■ ■ , denote the symmetric polynomials in 6 — 1 variables Y2, . . . , Yb, 

and note that k[Yi, . . . , Yb]'"-' = k[Yi, tb-i,i, . . . , U-i^b-i]- For the other inclusion check that 
Sb,i = ^1+4-1, 1; Sb^2 = ^i^fe-i,i + '^6-i,2; . . . Sb,b-i = Yitb-i,b-2+tb-i,b-i', and Sbfi = Yitb-i^b-i- 
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4) Note that 

{k[Y^ - Y2, Fi - Fa, . . . , - Y,]f^-^ = - F,-), . . . , 4-1,6-1(^1 - F,)], 

where, as before, . . . , denote the symmetric polynomials in 6 — 1 variables, 

evaluated here at the elements {Yi — Y2, Fi — F3, . . . , Yi — Yb}. 

1.7. Consider the morphism Tay : Rb[Z] = k[sb^i, ■ ■ ■ , Sb,b][Z] Rb[Z,T], and define opera- 
tors A*^"-* : Rb[Z] Rb[Z], as usual, by setting 

TayiFbiZ)) = Fb{Z + T) = J] A(")(F,(Z))T". 

Let denote the element A(")(Fb(Z)). 

In what follows recall the natural identification 

k[sb,i, Sb,b] [Yi] = k[sb,i, . . . , Sb,b][Z]/ {Fb{Z)), 

and that the A*^") operators are, in a natural sense, compatible with change of base rings 
Rb ^ S within the class of algebras over the field k. 

Remark 1.8. Since Fb{Z) = {Z - Yi) ■ {Z - Y2) ■ ■ ■ {Z - Yb) G k[Yi, . . . , Yb][Z], 

Fb{T + Z) = {T + {Z -Yi)) ■ {T + {Z - Y2))---{T + {Z - Yb)) G k[Yi, . . . , Yb][Z, T]. 

The coefficients of this polynomial in the variable T, are the symmetric polynomials eval- 
uated on the elements Z — Yj, 1 < j < b. This shows that 

(1.8.1) fI'\z) = i-l)"-' Sb,b^e{Z -Y,,Z-Y2,...,Z- Yb). 

Here we extend the action of the permutation group Sb, acting on the variables Yj, setting 
a{Z) = Z. Note that 

k\Z-Y^,...,Z- Ybf' = k[{Ft\z), e = 0, 1, . . . , 6 - 1}], 

and that each fI'^\z) is an homogeneous polynomial. 

Lemma 1.9. Let the setting be as in \l. 61 4)- Then 

kitb-iAYi - Yj), ■ ■ • , tb-i,b-i{Y, - Y,)] = k[Fl'\Y,), fI'-'\y,)]{c k[sb,i, . . . , Sb,b][Yi]). 
In fact: 

F^'\Yi) = (-l)^-%_i,fc_e(Yi -Y,) 1 < e < 6 - 1. 
Proof. This is a consequence of 11.8.11 Note also that the equality 

Sb,b-e(Yi — Yi, Yi — Y2, . . . ,Yi — Yb) = tb-i^b-e(Yi — Y2, . . . ,Yi — Yb) 
follows from the definition of symmetric polynomials. □ 
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Corollary 1.10. 1) 

{k[Y, - Y„ Y,-Y„...,Y,- n])^-^ = k[Fl'\Y,), Fi'"'\Y,)]{c k[s,,„ s,,,][Y^]). 
2) 

= k[Fl'\Y,), Fi''-'\Y^)] n k[st,i, . . . , s,,^], 
as subrings of k[sh,i, ■ ■ ■ , Sh^] [Yi] M.5.1]) . 

1.11. Let k\Y2 — Yi, . . . ^Yi, — Yi\ be graded as subring of A;[Fi, . . . , Yb\ with the usual grade. 
Since the finite group Sb preserves degrees, it follows that Rb and A;[F^^^'*(Yi), . . . , F^l' ^''(^'1)] 
are graded subrings of A;[l2 — ^1, • • • , — ^i]- So we may assume that Rb = k[Gb^i, . . . , Gb,rJ, 
where the generators Gb^i are homogeneous polynomials. Furthermore, 

Rb = k[Fl'\Y^), . . . , fI'-'\y,)] n k[sb,i, . . . , Sb,b] = k[Fl'\Y^), Fl'''\Y^)f\ 

So Rb C k[Fl^^\Yi), . . . , fI^~^\Yi)] is a finite extension of graded rings. Therefore 

{Gb,u...,Gb,r,)c{Fi'\Y,),...,Ft'\Y,)) 

are graded ideals in k[Fl^\Yi), . . . , F^'' ^\Yi)], and 

^/{Gb,u...,Gb,r,) = {fI'\y^), . . . , Ft'\Y^)) 
in the ring k[Fl;^\Yi), . . .,fI^ ^\yi)\ (seeinSl). This, together with the inclusion 

(l^i), . . . , Ft'\Y^)] C M^M, • • • , SbA[Yi] 

in (HHni), 1), show that 

^{Gb,u . . . , Gb,r, > = ^< fI'\y,), . . . , Ft'\Y,)) 
as ideals in k[sb,i, ■ ■ ■ , Sb,b][yi] (see I1.12jl . 

Remark 1.12. Fix a ring A and two ideals /i, 12- If /i C /2, then for any ring homomorphism 
A —>■ B, IiB G I2B. A similar property holds if ^/77 = in ^- We set 

i?b = k[sb,i, . . . , S6,6] = A;[Fi, . . . , Ybf" 

and the universal polynomial of degree b: 

Fb{Z) = Z'~ Sb^Z'-' + ■■■ + {-ifsb^b e Rb[Z]. 

Any monic polynomial of degree b, say f{Z) = Z^ — aiZ^^^ + • ■ ■ + (— l)''ab G R[Z], over 
a algebra i?, is obtained from Fb{Z) G Rb[Z], by the A;-algebra homomorphism Rb ^ R 
defined by mapping Sb^i to Oj. In particular, there is a natural homomorphism 

defined by base change, and the result in II. Ill ensures that 

^J{Gb,i{au . . . , a,), . . . , G,,,,(ai, . . . , a,)) = ^ (7«(Z), . . . , fi'-^){Z)) 
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as ideals in R[Z]/ {f\Z)). 

Remark 1.13. Let Fi C F2 be an inclusion of finitely generated, and positively graded 
algebras over a field k. Let maxi and max2 denote the irrelevant maximal ideals, of Fi and 
F2 respectively. Note that if Fi C F2 is a finite extension, then y/maxiF^ = max2. 

Remark 1.14. Fix a finitely A^-graded algebra, say k[Hi, . . . , Hr], where each Hi is homo- 
geneous of degree n,, and a local regular fc-algebra {S,M). We say that an homomorphism 
of /c-algebras : k[Hi, . . . , Hj] — > S preserves degrees, if, for any homogeneous element 
H G k[Hi, . . . , Hr] of degree n : 

iys{<P{H))>n, 

where i>s denotes the order at the local regular ring. 

This property holds if and only if vs{'P{Hi)) > rii, 1 < i < r. This follows from the fact 
that any homogeneous element H, of degree n, can be expressed as if = G{Hi, . . . , Hr), 
where G{Zi, . . . , Zr) G k[Zi, . . . , Zr] is a weighted homogeneous of degree n, provided Zi is 
considered with degree rij. 

1.15. Set Rb{= k[Yi - Y2, Fi - Kj, . . . , Yl - Yb])^") = k[Gb,i, Gb^]; and assume that 
each generator G^j is homogeneous of degree rij, as polynomial in k[Yi, . . . ,Yb]. So any 
homogeneous element H e Rb, of degree m, is also a weighted homogeneous polynomial of 
degree m in the Gb/s, provided each Gb^i is given weight nj. 

The same argument applies for the inclusion in the ring of symmetric polynomials 

Rb C k[si, Sb], 

so H is also weighted homogeneous polynomial of degree m in the Sj's, provided each Si is 
given weight i. 

Let {S, M) denote a local regular ring. Recall that a morphism (j) : Rb ^ S preserves 
degrees if, for any homogeneous element H, of degree m, 

M<PiH)) > m. 

As indicated in ll.l4l this condition will hold for if and only if i's{4'{Gb,i)) > fii, for 1 < i < Vb- 
Consider a regular fc-algebra R. A monic polynomial f{Z) = Z^+aiZ^~^ + . . .+ab-iZ+ab € 
R[Z] defines a hypersurface in the regular scheme Spec{R[Z]), and a finite morphism 

Spec{R[Z]/ < f{Z) >) A Spec{R). 

Let Q be a point of this hypersurface. Set P = n{Q), and 5* = Rp (local regular ring). 
We first claim that if Q is a point of multiplicity b at the hypersurface, then 

J^s{Gb,i{ai, a2, . . . ,afe)) > Ui, 

for 1 < i < Vb- 

It is well known that if Q is a 6-fold point of this hypersurface, there is a suitable change 
of coordinate Zi = Z -\- s, s E S , so that: 

fiZ) = Z\ + c^Z\-^ + . . . + Cfe.iZi + Cfe G S[Z\ ,and Vs{c,) > i. 
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Recall that k[sb,i, ■ ■ ■ , Sb,b] is a graded subalgebra of k[Yi, . . . ,Yb], and each Sb,i is homo- 
geneous of degree i. The morphism k[sb,i, ■ ■ ■ , Sb^] S, defined by mapping {—lysb^i to 
Cj, maps Gb^i{sbA, ■ ■ ■ , Sb^b) to Gft_j(ci, . . . ,Cb). This morphism k[sb^i, ■ ■ ■ , Sb^b] S preserves 
degrees, so i^s{Gb,i{ci, ...,Cb)) > rii. 

On the other hand Gb,i{ci, . . . ,Cb) = Gb^i{ai, . . . , a^) since these functions are invariant by 
these changes of coordinates, hence us^Gb^i^ai, . . . ,ab)) > Ui. ()1.4|) 

Theorem 1.16. Let R be a k algebra, f{Z) = + aiZ^~^ + . . . + ab-iZ + ab e R[Z], and 
set Spec{R[Z]/{f{Z))) A Spec{R). 

i) V{{Gb,i{ai, . . . ,ab), . . . , Gb^rti^^i, • • • , c^b))) is the set of points in Spec{R) where the finite 
morphism is purely ramified / ti.i)) . 

ii) If R is regular, and Q G V{< f{Z) >) is a point of multiplicity b of this hypersurface 
in Spec{R[Z]) , then 

i^s{Gb,i{ai, . . .,ab)) > Hi 
for 1 <i < rb, where S = Rp, P = vr((5). 

Proof, i) Note that Spec {S[Z]/ (/)) — > Spec(S') arises from Spec {Rb[Z]/ {Fb{Z))) — > Spec(i?b) 
by the change of base ring (p : Rb ^ S, where is a /c algebra morphism, and 0((— l)*Sfe^i) = Oj. 
So, as indicated in ll.l2[ it suffices to prove the claim for the universal case. 

Inimiwe show that {Gb,u • • • , Gb,r,) and . . . , F^^'^\Yi)) have the same radical 

ideal, as ideals in Rb[Z]/ {Fb{Z)) ( = k[sb,i, ■ ■ ■ ,Sbfi][Yi]). 

Fix a prime P C fc[s6,i, . . . , Sb^b] and set {Qi, . . . , Qs} the primes in Rb[Z]/ {Fb{Z)), over P. 
Let K be an algebraic closure of the residue field of {Rb)p, and argue as in Lemma fl. 31 If P 
contains the ideal {Gb^i, . . . , Gb^n,) iii Rt, then any Qi contains {fI^\Yi), . . . , fI^''~^\Yi)) as 
ideals in Rb[Z]/ {Fb{Z)), so Lemma fl . 31 asserts that the fiber over P is purely ramified. Con- 
versely, if P does not contain the ideal (Gfe,!, . . . , Gb^r^) iii Rb, then {F^^\Yi), . . . , fI^''~^\Yi)) 
(in Rb[Z] / {Fb{Z))) is not contained in any Qi. In this case Lemma 11.31 asserts that the 
morphism is not purely ramified at P. 

ii) Proved in II. 151 

□ 

Appendix 1: On normality and graded structure of Rb- 

In the coming sections we will study invariants that arise from the graded structure of the 
ring Rb = k[Y2 — Yi, . . . ,Yb — Yi]^'' . All rings considered are subrings of k[Yi, . . . ,Yb]; and 
a subring is weighted graded when it is generated by homogeneous elements in k[Yi, . . . ,Yb]. 
In particular an element of a graded subring is homogeneous if and only if it is homogeneous 
mk[Y,,...,Yb]_ 

Recall that Rb is a weighted graded subring of k[Yi, . . . , Yb] with the usual grade ()l.ll|) . 
Remark 1.17. Since Rb is the subring of Sb invariants in k[Y2 — Yi, . . . ,Yb — Yi], 

R'b = k[Y2-Y,,...,Yb~Y,]nRb, 
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as subrings of k[Yi, . . . ,Yh]. In particular Rh is an intersection of normal rings, so it is also 
normal. 

We now introduce a subring of Rb, with integral closure Rb- This subring will be useful in 
our further discussion. 

1.18. The ring k[sb.i, Sb^b\[Yi] is a free module of rank b over k[sb^i, Sb^b]- Multiplication 
by an element 6 G /i;[sb_i, . . . , S6,fe][yi] defines an endomorphism, say (pe, with characteristic 
polynomial, say 

MV) = V' + h,v'-' + ... + hbe k[sb,i, Sb,bW]. 

Lemma 1.19. We claim that, if Q = ao + aiYi + . . . ab-iY^'^^, 

MV) = ll{V-{ao + aiY, + ... a.^iF/-^)). 
i<i<& 

(i.e. the coefficients hi are, up to sign, the symmetric polynomials evaluated at the elements 
ao + aiYj + ... ab^iY^'^). 

Proof. The proof follows from the observations: 

1) ^e(e) = 0. 

2) There is an isomorphism of k[sb,i, ■ ■ ■ , Sb,b] modules, say 

Pj : k[sb,i, Sb,b][Yi] k[sb,i, . . . , Sb,b][Yj] PjiXi) = Yj- 

So the characteristic polynomial of 6 in k[sb,i, ■ ■ ■ ,Sfc,b][Yi], is the same as that of in 
k[sb,i, . . . , SbfiWj]- □ 

Note that 5'^ is the the Galois group of the extension k[sb,i, ■ ■ ■ , Sb,b] C k[Yi, . . . ,Yb]. Any 
a G Sb, such that <7(Yi) = Yj, induces the morphism Pj when restricted to the subring 
k[sb,i,...,Sb,b][Yi]. 

Corollary 1.20. IfQ = ao+aiYi + . . . afe_iYf~^ is weighted homogeneous in k[sb,i, . . . , Sfe,f,][Yi] 
(i.e. 9 is homogeneous as element of k[Yi, . . . ,Yb]), then the coefficients of the characteris- 
tic polynomial ijJeiV) weighted homogeneous in k[sbi, . . . ,Sbb] (i-^- o,re homogeneous in 
k[Y,,...,Yb\). 

In fact, the action of Sb preserves degrees in A;[Yi, . . . , Ff,], and each Pj is a restriction of an 
element in Sb- 

Let fI^\Yi) denote the class of A^(Ffe) (fTTfl . 

Definition 1.21. Let Hp^ be the k subalgebra of k[sb^i, ■ ■ ■ , Sb^b] generated by the coefficients 
of the 6—1 characteristic polynomials 

i^F(^\y,){V), l<e<b-l. 
Lemma 1.22. Hp^ is included in k[Yi — F2, ^1 — ^3, • • • , ^1 — ^fc], and it is a graded subalgebra 

0fk[Sb,l,...,SbM]- 
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Proof. Recall that FfJ'^(ri) = (-l)^~%_i,fe_e(>'i - Yj) and note that tb-i,b-e{Yi - Yj) 

is homogeneous in k[Yi — 1^2,^1 — Y^, . . . ,Yi — Yb\. The coefficients of the characteristic 
polynomial of F^^^^(Yi) are symmetric polynomials on 

{Ft\Y,)/l<j<b} 

so they are also homogeneous elements in k[Yi — Y2,Yi — Y^, . . . ,Yi — Yb]. The second part of 
the claim follows from the corollary. 

Proposition 1.23. Rb M.5. 1\] is the integral closure of the graded ring Hp^ in k[sb,i, • • • , Sb,b]- 

Proof Note that (A;[Fi -^2, Y^-Ys,..., Y^-Yb])'"'^ = ((A;[Fi -^2, Y,-Ys,..., - 
and recall that: 
a) 

{k[Y^ - Y2, Y,-Ys,...,Y,- Yb]f^-^ = k[Fl'\Y,), . . . , Ft'\Yi)]{c k[sb,u ■ ■ ■ , SbAiYi]); 
b) 

{k[Y, - Y,, Y,-Ys,...,Y,- n])^" = k[Fl,'\Y,), fI,'~'\y,)] n k[sb,i, Sb,b], 

as subrings of k[sb^i, ■ ■ ■ , Sb,b][Yi] (jl-lUp . 

Lemma fl.22l shows that the coefficients of (e)^^JV) are in the ring 

k[Y, - F2, Y,-Y3,...,Y,- Yb] n k[sb,u • • • , Sb,b]{= Rb)- 

Finally use b) to show that Hp^ C k[Fl^^\Yi), . . . , fI^''~^\Yi)] and note that this is a finite 
ring extension. In fact, the elements fI^^\Yi) are integral over Hp^ since they satisfy the 
characteristic polynomial. 

The claim follows now from: 

i) Hp^ C k[Fl,'\Y,), fI,''-'\y,)] n k[sb,i, Sb,b], 

ii) k[Fl^\Yi), . . . , fI''~^\Yi)] is a finite extension of Hp^, and 

iii) k[Fl^\Yi), fI'-^\y^)] n k[sb,i, Sb,b\ = Rb is normal in k[sb,i, Sb,b]^M- □ 

On multi-graded structures. 

1.24. Fix r positive integers ci, . . . , c^., and set b = q. For each index i define 

Fc. = {Z- y}''>) . {Z - Yi'^) ...{Z- Y}p) G k[Y}\ . . . , Y(p][Z]. 

The product of these polynomials is a polynomial of degree b in Z, say: 

F,,(Z)-F,,(Z)---F,,(Z) = F,(Z), 

as polynomial in k[Y-[^\ . . . , Y^P, Y^'^\ . . . , Yc2 \ • • • , ^i*'''', • • • , Y^J^^] [Z], which we naturally iden- 
tify with /c[Yi, . . . , [-Z^] as Ci + ■ • ■ + Cr = b. 

In other words, we identify k[Yl^\ . . . , Y^P ,yI^\ . . . , F^f , . . . , y}''\ . . . , fJ;^] with k[Yi, . . . ,Yb]. 
The permutation group 5'c. acts on k [Y^^ , • • • , Ycp] , and there is an inclusion 5*^ x S'cj x ■ ■ ■ x S'c^ 
in Sb- The main arguments rely on two simple observations. First, that the permutation 
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groups and Sb act linearly on k[Y'l;^\ . . . , Fi/''] and A;[Yi, . . . , respectively, which as- 
serts that the invariant subrings are graded rings. Second, that the inclusion of finite groups 
X X • • • X Sc^ in Sb provides a finite extension of invariant subrings. 

1.25. The permutation group acts on k[Y}^\ . . . , 1'^*'*], and the inclusion 5^ xS'cj x - ■ - xSc^ 
in Sf, is such that: 

{k[Yl^\ ...,Yjp,..., Yi'''\ yM])5ciX5e2X...x5e. ^ 

= ®,A;[F«,...,fW]^=^. 
The finite group Sc^ x 5*^2 x ■ ■ ■ x Sc^ also acts on the graded subalgcbra 

(1.25.1) A,,,...,^ = k[Yi^^ - y}'\ . . . , - y}'\ . . . , Y^' - Y}'\ . . . , F « - y}'^] 
in a way that preserves the usual degrees. Therefore, the ring of invariants, say 

(1-25.2) Rcu...,cr - At^'C"''''''''' 

is a finitely generated k algebra, and a graded subring of k[Y-l'^\ . . . , YcP , . . . , y}'^\ . . . , y}J^^]. 
Set 

k\Y}^,...,Y<pf^^^k\s?,...,s^]. 

The graded rings k[s^i \ . . . , Sci\ . . . , s^{\ . . . , s^cr] and Aci,...,cr are both polynomial rings, and 
graded subrings of k[Y}^\ . . . , Yc^\ . . . , y}'^\ . . . , yij^^]- In particular both are normal, and so 
is 

"5 _ 4 n /^fs^^) s(^) s^'') sWl 

Since Rci,...,cr is graded, it is generated by weighted homogeneous polynomials, say 

(1.25.3) G[^_^^ = G[^_Js?, . . . , . . . , ■ ■ ■ , 1 < ^ < ^c„...,c., 

for some positive integer nci,...,c^. 

Theorem 1.26. Let R be a k-algebra, and Spec{R[Z]/ {f[Z))) Spec{R) be the natural 
finite morphism, where 

f{z)^h{z).h{z)...u{z) 

MZ) = + a?Z-^ + . . . + a« ,Z + a» e it:[Z], 
anc? ci + C2 + • • • + Cr = 6. 

^) 

v{{Gi,_M\ • • • > • • • , • • • , < / < ^c„...,c.)) 

is the set of points in Spec{R) where the finite morphism is purely ramified. 

a) If R is regular, and Q e V{{f{Z))) is a point of multiplicity b of this hypersurface, then 

MGi„...,M\ aW, . . . , at\ . . . , aW)) > deg G[^_^^ 

for 1 <l < ?T'ci,...,cr^ where S — Rp, P — 'k{Q). 
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Proof, i) Set f{Z) = + hiZ^-^ + ... + h-iZ + h e R[Z]. According to Theorem OTn 
the purely ramified locus is the closed set in Spec{R) defined by the ideal spanned by all 
Gi{hi, . . . , hb), where the Gi are homogeneous generators of the subring of Sf, invariants in 
Ac„...,c. in (irmTl . 

Here the elements G[_^ span de subring of 5^ x x ■ ■ ■ x ^c^-invariants ()1.25.3p . And 
the inclusion 5*^ x x ■ ■ ■ x Sc^ C Sb defines a finite extension of invariant rings, and both 
are generated by homogeneous elements, say 

M{G.},<.<.J c M{gL....cJ,<k„,^,...,J. 

So the ideal in k[{G[_^^ ] spanned by all elements Gi, is included, and has the 

same radical, as that spanned by the G[_^ ^^'s ()1.13|) . As indicated in 11.121 this property is 
preserved by arbitrary homomorphisms of fc-algebras. This proves (i). 
ii) Follows by the same argument used in Theorem II. Ifjl ii). 

□ 

1.27. We have defined Fb{Z) = {Z - Yi) ■ {Z - Y2) ■ ■ ■ {Z - Yb) G k[Yi, . . . , Yb][Z]. In Owe 
show that if we set 

Tay{F{Z)) = Fb{T+Z) = {T + {Z -Y^)) ■ {T + {Z -Y^)) ■ ■ ■ {T+{Z-Yb)) G k[Y^, . . . ,n][Z,T], 

the coefficients of this polynomial in the variable T, are the symmetric polynomials evaluated 
on the elements Z — Yj, 1 < j < b. Namely, 

F^'\Z) = i-lf-' Sb,b^e{Z -Yi,Z-Y2,...,Z- Yb), 

where F^^\Z) denotes A^^^ ( F ( Z)) ( see lTKl^ . and 

k[Z-Y,,...,Z- Yb]'^ = k[{Ft\z), e = 0, 1, . . . , 6 - 1}]. 

Fix, as in ll.24| positive integers ci, . . . , so that ci + ■ ■ ■ + Cr = b, and set, for each index 
i<j<cS^ ~ ■^■^*^) ^ k[Y}''\ . . . , Yc-^][Z]. The product of these polynomials is a 
polynomial of degree b in Z, say: 

F,,{Z)-F,,iZ)---F,^iZ) = FbiZ), 

in k[Y}^\ . . . , Y^P, y}^\ . . . , yc?\ . . . , . . . , Y}p][Z], which we have identified with k[Yi,..., Yb][Z] 
as ci + ■ ■ ■ + = 6. In fact we identify k[Yl^\ Yc^ ,y}^\ . . . , F^f, . . . , y}''\ . . . , Yc^P] with 
k[Yi, . . . ,Yb], and hence: 

k[Z -Y,,...,Z - Yb] = k[{Z - y}'^}1 < 2 < r, 1 < j < q] 

Set, as before, Fi"\z) = A^''\Fb{Z)) and Ft\z) = A^''^(FJZ))( n~7\f . 

Proposition 1.28. 1) For < a < b — 1, and < /5 < Cj — 1, each fI^°'\z) is homoge- 
neous of degree b — a, and each FcP{Z) is homogeneous of degree Ci — (3 in the graded ring 
k[Yp\ yP,y}'\ ...,Y^,..., Yt\ . . . , y!>:\z] = k[Y„ . . . , Yb][Z]. 
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2) There is a natural finite inclusion of graded subrings of k[Yi, . . . , Yb][Z] defined by 

k[{Fl'\z), e = 0, 1, . . . , 6 - 1}] C k[{F!:^\Z), 1 < ^ < r, < /? < q}] 

3) The two algebras in 2) are also graded subalgebras in k[s'^^\ . . . , sii"*, . . . , Si \ . . . , s'^c}] [Z] . 

Proof. 1) follows from ll.8"Tl and 2) from the fact that such rings are the invariants by the 
finite groups Sc^x S^^x ■■■ x S^, C Sb, acting on k[Z - Yi, Z - Yb] = k[{Z - Yj'^}! < 
i<r,l<j<Ci]. □ 

Proposition 1.29. The graded algebra i?ci,...,cr in \1.25.^ is a graded subring of k[{FcP (Z) , 1 < 
i<r,0<p <Ci}]. 

Proof. Note that ^ci,...,cr; II .25. Jl can be expressed as a subring of k[{Z - Yj"^; 1 < i < 
r,l < j < Ci}] by setting 

□ 

Corollary 1.30. Let Hj^ G Rci,c2,...,cr be homogeneous of degree N . Then there is a polynomial 
in variables 

{w,,,w^l\ lyf , . . . , w^^^-'\ . . . , w,^, . . . , i^i;^-^)}, 

and coefficients in k, say 

G G k[w,,,w^l\ w^f , . . . , w^^^-'\ . . . , w,^, w^l\ . . . , w^^:-'^] 

such that 

G{F,, (Z), F^I\Z), F^^\Z), F^l'-^\Z), F,^{Z), F^l\z), F^^\z), F^'^-^^Z)) = Hn. 

Furthermore, we may assume that G is weighted homogeneous of degree N provided we assign 
weight Ci — j to the variable Wcp . 

On restriction of multi-graded structures. 

1.31. We now extend Corollary 11.101 and Proposition II .231 to this context. 
The polynomial 

^<j<C^ 

has coefficients in k[Y-l^\ . . . , Y^^'^]^"' = k[si \ . . . , Sc\, in fact 

F^XZ) = Z^^ + (-1).«Z--^ + . . . + i-ir-'st^Z + (-l)-.». 

Set i = 1 and let S^-i denote the subgroup of 5*^, consisting of those elements fixing y/^\ 
In such case 

k[s?,...,s^^^][Yl'^] = k[Yl'\...,Y}pr^^-^ 

can be identified with 

A:[.«,...,.«][Z]/(F,,(Z)). 
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Note that 



can be identified with 



k[s?,...,s^;^,...st\...,st^][Z]/{F^,{Z)). 



The natural inclusion Ac,,...,cr C A;[f/^\ . . . , Y^P, y}''\ Fij^] (see (|1.25.1jl l shows that 

Let denote A(")(F(Z)) (as in ll.7p . 

Lemma 1.32. The ring 

zs a graded k-algebra and a suhring of 

k[s^\ . . . s^{\ = k[s^^\ . . . st\ 4?][^]/(F,(Z)), 

generated by the class of the elements 

in this quotient ring. In other words, 

-^Ci,...,Cr — 

= k[F.dYl'^), f^IUyI'^), Fi?(y/^)), . . . ,Fi,^-^'(y/^)), . . . ,F.,(y/^'), f^^\yI'^), f^^UyI'^), . . . .Fir-^^y/^^)]. 



Corollary 1.33. 1) 



Rci,C2,...,Cr ^ 



c mAYl'\F^l\Yl%F^f\Yl'\ . . . ,Fi,^-^)(y«), . . . ,F.,(y«),FW{yW),i.(2)(ya)), . . , ^^(c.-i)(^a))] 

is a finite extension of graded rings. 

2)Let Hn G Rci,c2,...,cr ^6 homogeneous of degree N. Then there is a polynomial in variables 



{w,,,w^l\ w^^\ ivi;=-i), . . . , w,^, iy«, . . . , lyf-^)}, 



such that 

G{F.,(y(i)),Fii)(yW),F(f)(yW), . . . ,f^^,^-'UyI'^ . . . ,F.,{y«),FW(yW),F(2)(yW), . . . ,Fi--^){yW)) = h^. 

Furthermore, we may assume that G is weighted homogeneous of degree N provided we assign 
weight Ci — j to the variable Wcp . 
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Proof. 1) Both rings are defined as subrings of invariants of the finite groups 

Sci — l X X ■ ■ ■ X Sc,. C Sci X X ■ ■ ■ X Scj. 

acting linearly on Aci,...,cr (see 11.25!^ and (13^ ) . 

2) Same argument as in 11.301 It follows from 1) and the fact that each Fcp{Yi) is homo- 
geneous of degree Cj — j. 

□ 

Remark 1.34. If, instead of 5*^-1 x ■ ■ ■ x S^. we consider 5^ x Sc2-i >^ ■ ■ ■ x Sc^ , the 
same argument shows that 

* Sc-^ ^ Sc2~l ^ ^C'^ ■ ■ ■ X Scj- 
^Cl,...,Cr 

is a graded k algebra and a subring of 

k[s?, . . . . . . , 4?] [y}'^] = k[s?, . . . , . . . . . . , 4?] 

generated by the class of the elements 

in this quotient ring. 

Appendix 2: On normality of multi-graded invariant ring. 

1.35. The ring k[s^^\ . . . , si^^ . . . , s^{\ . . . , Scr''][^i"^''] is a free module of rank b over 
k[s^-^\ . . . , sii"*, . . . , s^{\ . . . , Scr'']. Multiphcation by an element 

eek[s?,...,s^^^,...,st\...,st^][Yl'^] 

defines an endomorphism, say (pe, with characteristic polynomial, say 

^e(^) = V' + hV"-' + --- + he k[s?, . . . , . . . , sP, . . . , st^][V]. 

Definition 1.36. Let Hp^^ p^^^ ^p^^ be the k subalgebra of k[sl\ . . . , Sci\ . . . , s'l\ . . . , Scr"*] 
generated by the coefficients of the characteristic polynomials 

V'^j=)(y^)(^), l<e<Ci-l, 

for 1 < i < r. 

Lemma 1.37. Hp^ ^p^ ,...,Fcr ^■^ graded subalgebra both of Ac^ c2,...,cr M-25.1]) . and of 

"'[■'l ) • • • ; ■'Cl 5 • • • 5 i'l 5 • • • 5 ■'Cr J- 

(same proof as in ll.22|) . 



Proposition 1.38. Rci,c2,...,cr the integral closure of the graded ring Hp^ ^p^ ,-,Fc, 

Jl) Jl) Ar) ' ' \{rh 

l\,[i>l , . . . , bci , ■ ■ ■ , ,...,5crJ- 

Keeping track of the weighted structure (the variable W). 



in 
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1.39. Let G be a graded ring, graded by non-negative integers. Add a variable W, say 
G[VF], and grade this new algebra with W of degree one. We define now what we call a 
graded inclusion, say G G[W], which is also graded as follows: If G = J2k>o['^]ky define 
T,k>olG]kW'' as subalgebra in G[W]. Note that if G = J2k>o[G]k C G' = ^k>o[G']k is a 
finite extension of positively graded algebras, then G = J2k>o{^]k'^^ C G' = J2k>ol^']k'^'' 
is also finite. 

If G is a A; algebra generated by elements, say {Hi, . . . , Hg}, where each Hi is homogeneous 
of degree df, then the graded inclusion of G is the G-subalgebra in G[W] generated, over G, 
by {HiW^\...,HM'''}, 

1.40. SetT = k[s W . . . , Sci, . . . , sW . . . , si^], we attach to the graded subalgebras Rci,c2,...,cr 
and Hp^^^p^^ p^^ two graded subalgebras included in a polynomial ring T[iy], as in 11.391 

Set f/ii,c2,...,cr (set Uc%2,-..,cr) as the T subalgebra of T[W] defined by the graded inclusion. 
In other words, the algebras generated over T by all elements of the form 

H{s?,...,s^^^,...,s^;\...,st^).W'-, 

where H is an homogeneous element of degree d^ in Rci,c2,...,cr (i^i Hp^^^p^^^^^^^p^^ ). 

We can also express t/i^i^.-.c = Elk^W''{c T[W]), and u!i?,c2,...,cr = E4'^W^'(c T[W]), 
where I^^^ and I^^ are ideals in T. 

Note that Lemma fl . 371 ensures that I^^ C ij^^ for each positive index k. Namely, that 

jjm ^(1) 

'-^ Cl,C2,...,Cr ^ ^ Ci,C2,...,Cr 

Furthermore, Prop 11.3'Hl asserts that this extension is finite. 

Note that both algebras Ucl^c2,...,cr and ?7ii,c2,...,c^ are finitely generated over T. This follows 
from the fact that the graded algebras Rci,c2,...,cr and Hp^^^p^^^,,,^p^^ are finitely generated. 

For example f/ii,c2,...,c,. is the subring of T\W] generated over T by: 

^ = {Gi,,...,cMi\ • • • , • • • , st\ . . . , st^)-W'^^ ^'i^ 1 < / < ( seelElEl. 

Remark 1.41. -Rci,...,cr and Hp^^^p^^^^^^^p^^ are graded subalgebra both of Aci,c2,...,cr f)l-^5.1|) . 
and of T = k[s^^\ . . . , Sci'', . . . , sf \ . . . , s^^], which in turn is a graded subring in 

z,rv(i) y'^''^ V^*")! 

, . . . , i^^ , . . . , ii , . . . , i^^ J. 

The algebras Ucuc2,...,cr ,c2,...,cr are defined in T[I4^], where the variable W keeps track of 
the degree. 

Definition 1.42. Fix a ring 5* and monic polynomials 

MZ) = -«? + ■■■ + (-l)''a« e S[Z], l<t<r. 
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Set Fci,Fc2, ■ ■ ■ , and Rci,c2,---,cr before. So F(.-{Z) G . . . , Sci"*] [-Z^], and each fi{Z) 

is obtained from Fc^Z) by the change of base ring tt : k[si \ . . . , Sc}] — > 5' defined by setting 
7r{s)') = a)'. 

In this way the polynomials fi{Z) G S[Z], 1 < i < r define a morphism of /c-algebras: 

T = k[s[ \ . . . , s^^^ , . . . , s[ \ . . . , s^^J] S, 
which extends to a morphism T[W] S[W]. We define the elimination algebra, say 
(1-42.1) T^f.,j.,,...jjc S[W]) 

as the subalgebra of S[W] generated by the image of uSc2,...,cr = E4'^W^'(c T[W]). In the 
same way we define 

(1-42.2) nf^„f.,,...,fjc S[W]) 

as the subalgebra of S[W] generated by the image of t/if,l2,...,c, = T[W]). 
The previous observations show that 

and that this ring extension is finite. 

Note also that both are finitely generated, for instance, the elimination algebra Tlfc^jc2,---Jcr 
is spanned over 5* by the finite set 

^ = {GL...,c.(4'\ - - - , s^S^ - - - , st\ - - - , 4?) ■ W'^^ ^^.. -^ 1 < / < (IHEl. 

1.43. Set T = k[s^p , . . . , s^ci , ■ ■ ■ , s^{\ . . . , s^c^] as in above. Prop 11.251 asserts that there is a 
finite extension, say: 

k[{Fi'\z), e = 0, 1, . . . , 6 - 1}] C A;[{Fif)(Z), 1 < 2 < r, < /3 < c,}] 

of graded subalgebras of (the graded algebra) T[Z] = k[s^^\ . . . , s^ci , . . . , s^^\ . . . , Sc^''][Z]. 

Therefore, there is graded inclusion of these algebras in T[Z, W], namely: 
(1.43.1) 

T[Z][{fI''\z)W'-', e = 0, . . . , 6 - 1}] C T[Z][{F^P{Z)W'^-'', l<t<r,0< (3 < a}] 
Consider, as in 11.421 a ring S and monic polynomials 

U{Z) = Z^^ - a» + - ■ ■ + (-1)^-4? G S[Z], l<z<r. 
Set b = ci + ■ ■ ■ + Cr, and /b(2') = faiZ) ■ fc2{Z) ■ ■ ■ fc,.{Z), which is monic of degree b. Set 
Fcj, Fc2, . . . , Fc^ and Ff, as 11.241 So Fc-{Z) G k[s^^\ . . . , Sci][Z], and each fi{Z) is obtained 
from -Fci(2') by the change of base ring vr : k[si\ . . . , Sci] S defined by setting 7r(sj*'') = a^j\ 
This defines a morphism T — > 5, and hence T[Z] — > S[Z]. 

As the finiteness of the extension in II. 43.21 is preserved by change of base rings, it follows 
that there is a finite inclusion 

(1.43.2) S[Z][{fj,'\z)W''-', 6 = 0,..., 6-1}] C S[Z][{ff\Z)W'^-^ , l<z<r,0<(3< q}] 
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2. On graded and relative differential structures 

2.1. Fix a noetherian ring 5, and a sequence of ideals {Ik}, k > 0, which fulfill the conditions: 

1) Iq = B, and 

2) Ik • Is C h+s- 

This defines a graded subring ®fc>i -^fe • of the polynomial ring We say that 

Ik ■ is a i?ees algebra if this subring is a (noetherian) finitely generated 5-algebra. 

Remark 2.2. 1) Examples of Rees algebras are the Rees rings of an ideal I G B, where 
Ik = I^ for each k > 1. In general we will not assume that a Rees algebra is generated in 
degree one. 

2) Whenever Ik • C (c -B[Vr]) is a Rees algebra, we may define a new Rees algebra 
®I'k-W^ by setting 

r>k 

If -^fe • is generated hy T ^ {9niW"^% 1 < i < m,ni > 0}. Namely, if: 

then ■ W'' is generated by the finite set {gmW^^'i, l<i<m, l<n-< nj}. 

Note that 7^ D and that 04 • W'' C 0/^ • W'' is a finite extension. In fact, it 

suffices to check that given an element g E Ik, then g ■ W^~^ is integral over 04 • VF*^. One 
can check that 

g e Ik ^ g '^^ E 4(fc-i) =^ g E hik-i), 

so g ■ W''-^ fulfills the equation Z'' - {g^ ■ W^^^'^^) = 0. 

Up to integral closure we may assume that a Rees algebra has the additional condition: 

Ik 3 4+1- 

2.3. In what follows wc define a Rees algebra, say 0„>o -^nW^" in by fixing a set of 
generators, say JF = {gmW"'^ / rii > 0,1 < i < m}. So if / G 4, then 

/ -^n i,9ni , ■ ■ ■ , 9nm ) ) 

where ■ ■ ■ , ^) is a weighted homogeneous polynomial in m variables, and each Yj has 

weight rij. 

2.4. Let B = S[Z] be a polynomial ring, and let Tay : B B[U] be the 5'-algebra 
homomorphism defined by setting Tay{Z) = Z + U . For any f{Z) G B set 

Tay(/(Z)) = EA"(/(Z))t/". 

The operators A" are ^'-differential operators {S linear). Furthermore, for any positive 
integer N, the set {A°, < a < N} is a basis of the S-module of yS-differential operators on 
S, of order < N. 
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Definition 2.5. Set B = S[Z] as before, a polynomial ring over a noetherian ring S. A Rees 
algebra 

^h-W" CB[W] 

is a differential structure, relative to S, when: 

i) Ik D h+i for any A; > 0. 

ii) For any n > and f & In, and for any index < j < n and any S'-differential operator 
of order < j, say Dj-. 

Remark 2.6. Let Dif fg {B) denote the module of S'-differential operators of order at most 
A^. Then 

Dzfjf{B)cDzff^^\B)c... 

For this reason it is natural to require condition (i) in our previous definition. Note also that 
12.41 asserts that (ii) can be reformulated as: 

ii') For any n > and / G /„, and for any index < a < n: 

A"(/) G 

In fact, (i) + (ii) is equivalent to (i) + (ii'): 

Theorem 2.7. Fix B = S[Z] as before, and a finite set T = {gmW^'^ni > 0, 1 < z < m], 
with the following properties: 

a) For any 1 < i < m, and any n[, < n[ < rii: 

gnW< G J'. 

b) For any 1 < i < m, and for any index < a < rij.- 

A"(^n)W^"'"" e J^. 

Then the B subalgebra of B\yV], generated by T over the ring B, has differential structure 
relative to S. 

Proof Condition (i) in DefOis byO 2). 

Let Ij\fW'^ be the homogeneous component of degree N of the B subalgebra generated by 
J^. We prove that for any h E Ijy, and any < a < A^, A"(/i) G In-u- 

The ideal In B is generated by all elements of the form 

(2.7.1) Hn = gn,^ ■ gn,^ ■ ■ ■ gn,^ rii^ +ni, + ---ni^ = N, 

with the gn^ W"^'^ G not necessarily different. 

Since the operators A° are linear, it suffices to prove that A°(a ■ Hn) G In-o, for a E B, 
Hn as in 12.7.11 and < a < A^. We proceed in two steps, by proving: 

1) A'^{Hn) G iN-a- 

2) A"(a-ff^) G/^_„. 
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We first prove 1). Set Tay : B = S[Z] B[U], as in 12 .41 Consider, for any element 

Tayign^J = J2^''i9n.,)U^ eB[U]. 

/3>0 

Hypothesis (b) states that for each index < (3 < ni^, Af^{grn^)W'^''~'^ e T. 
On the one hand 

Ta2/(i^;v) = $^A"(i7^)^7^ 

and, on the other hand 

TayiHn) = Tay{gn,^) ■ Tay{gn,^) ■ ■■Tay{gn,^) 

in -B[f/]. This shows that for a fixed a (0 < a < A^), A"(iJ7v) is a sum of elements of the 
form: 

l<s<p 

So it suffices to show that each of these summands is in iN-a- 
Note here that 

l<s<p 

and that some of the integers — (3^ might be zero or negative. Set 

G = {r,l < r < p, and rii^ — Pr > 0}. 

So 

N-a= ^(n,,-/5,)<^(n,,-/?,) = M. 

l<s<p reG 

Hypothesis (b) ensures that A^'' {gm ) G /„- -p^ for every index r G G, in particular: 

A^^{g^^J-A^^{g^J---A^^{g^JelM. 

Finally, since M > N — a, Im C. In -a, and this proves Case 1). 

For Case 2), fix < a < A^. We claim that A°(a ■ Hn) G In-o, for a G 5 and Hn as in 
l^m At the ring B[U], 

Tay{a ■ Hn) = J2 ^°(^ ' HnW"", 

and, on the other hand 

Tay{a ■ H^) = Tay{a) ■ Tay{HN). 

This shows that A"(a ■ H^) is a sum of terms of the form A"i(a) ■ A°''^{H]sf),ai > 0, and 
tti + tt2 = tt- In particular ^2 < a; and by Case 1), A^^^Hjy) G lN-a2- On the other hand 
N - a2 > N - a, so A°'^{Hn) G iN-a, and hence A"(a ■ Hn) G Jat-^. □ 



25 



Corollary 2.8. The Rees algebra in B[W], generated over B by 

:F = {gn^W'^\ni>Q,l<i<m}, 
extends to a smallest differential structure relative to S , which is generated by the finite set 
T' = {A''{gn)W^^-ygnW< e ^, and < a < n,}. 

2.9. In what follows we will consider the case B = S[Z], where S* is a local regular ring. In 
particular both S and S[Z] will be unique factorization domains. 

We will consider graded subalgebras in i?[iy] up to integral closure. Assume that 

^ Ik ■ C -B[iy] has differential structure relative to S. If, for some positive integer k 
there is a polynomial , say f{Z) G Ik-, which is monic of degree, say a < k, then A"~'^(/(Z) = 
1, so W^~'' ^ ® h ■ and the integral closure of this algebra is all 

Assume that for some positive integer 6, there is a monic polynomial of degree 6, say 
G h. In such case it is clear that S[Z][{f^^\z)W^-'' , e = 0, . . . , 6 - 1}] C 4 ■ 

If, in addition, there is a factorization of /^(Z), of the form: fb{Z) = fc^{Z)-fc2{Z) ■ ■ ■ fc,.{Z), 
where each fact fcXZ) is a monic polynomial of degree Cj, then 11.43.21 asserts that 

5[{/cf (^)W^''"^}, 1 < ^ < r,0 < /3 < q] C 04 ■ 
In particular, each element fc^{Z)W'^^ is integral over 04 ■ W^. 

3. Differential structures on smooth schemes 

3.1. A sequence of coherent ideals on a scheme Z, say {4}neN, such that 4 = Oz, and 
4 ■ 4 C 4+S5 defines a graded sheaf of algebras 0„>o 4 ■ C Oz[W]. 

We say that this algebra is a Rees algebra, if there is an open covering of Z by affine open 
sets {Ui}, so that 

04(4,)iy"cOz(4,)[iy] 

n 

is a finitely generated Cz(f/j)-algebra. 

In what follows Z will denote a smooth scheme of a field k, and Dif fl{Z), or simply 
Diffk, the locally free sheaf of /c-linear differential operators of order at most r. 

Definition 3.2. We say that a Rees algebra defined by {4}nGN is a differential structure 
relative to the field k, if: 

i) 4 ^ 4+1- 

ii) There is open covering of Z by affine open sets {Ui}, and for any D G Diff^^\Ui), and 
any h G In{Ui), then D{h) G In-riUi), provided n> r. 

Due to the local nature of the definition, we reformulate the definition in terms of smooth 
fc-algebras. 

Definition 3.3. In what follows R will denote a smooth algebra over a field, or a localization 
of such algebra on a closed point ( a regular local ring). A Rees algebra is defined by a 
sequences of ideals {4}fcGN such that: 
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1) Jo = -R, and Ik - Is C h+s- 

2) IkW' is a finitely generated -R-algebra. 

We shall say that the Rees algebra has differential structure relative to k, if 

3) In D In+i, and 

4) given D e Dtffi'\R), then D{Q C 

Theorem 3.4. Assume that Ik ■ is a Rees algebra over a smooth scheme Z . Then 
there is a natural and smallest extension of it to a differential structure relative to the field 
k. 

The Theorem says that a Rees algebra on a smooth scheme Z extends to a smallest differ- 
ential structure (i.e. included in any other differential structure containing it). We refer here 
to Th 3.4 in [33] for the proof, which follows easily from the argument for the one- variable 
case fTh 12. 7|) . Let us indicate that if we fix a closed point x G and a regular system of 
parameters {xi, . . . at Oz^x-, then smoothness of Z locally at x asserts that there is a 
ring homomorphism, say: 

Tay : Oz,. - Oz,.[[Ti, . . . ,T„]], Tay{f) = 

where Tay{xi) = Xi + Ti. Furthermore, {A", a G (N)", < |a| < c} generate the O^aj-module 
Diff^^{Oz,.). 

The proof of the previous Theorem shows that, at a suitable affine neighborhood of x in 
Z, where say 0/a; ■ is generated by JF = {gmW^^ni > 0,1 < i < m}, then 

(3.4.1) J^' = {A"(5„)Ty"^-"/(7„^Ty"» £j^,a = (ai,a2, ...,««)£ (N)", and < |a| < < nj 

generates the smallest extension of ■ W'' with differential structure relative to k. 

Corollary 3.5. Given inclusions of Rees algebras, say 

Q = w" ^Q' = 0/:.w^" c G" = 0/;'iy", 

where Q" is the differential structure spanned by Q, then Q" is also the differential structure 
spanned by Q' . 

Differential structures and singular locus. 

3.6. The notion differential structure relative to a field fc, on a smooth /c-scheme Z, is closely 
related to the notion of order at the local regular rings of Z. Recall that the order of a 
non-zero ideal / at a local regular ring (i?, M) is the biggest integer h such that / C M^. 

If / C Oz is a sheaf of ideals, V{Dif f^~^{I)) is the closed set of points of Z where the 
ideal has order at least h. We analyze this fact locally at a closed point x. 

Let {xi, . . . ,x„} be a regular system of parameters at Oz,x, and consider the differential 
operators A°, defined on Oz,x in terms of these parameters, as in the Theorem 13.41 So at x, 

{Diffl-\I)\ = (A"(/)// el,0<\a\<b- 1). 
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One can now check at Oz^x, or at the ring of formal power series Oz,x, that Dif fj^^^(I) is a 
proper ideal if and only if / has order at least b at the local ring. 

The operators A" are defined globally at a suitable neighborhood U of x. So if ■ W"- C 
Oz[W] is a differential structure relative to the field k and x G Z is a closed point, the 
differential structure 0(/n)x ■ W^" C Oz,x[W] will be properly included in Oz,x[W], if and 
only, for each index k & N, the ideal {Ik)x has order at least k at the local regular ring Oz,x- 

Definition 3.7. The singular locus of a Rees algebra Q = ^ In ' W^" C Oz[W], will be 

sm(?(6;) = a>oV^p2//r'(/r))(c z). 

It is the set of points x E Z for which all {Ir)x have order at least r (at Oz,x)- 

Remark 3.8. Assume that / G {Ir)x has order r at Oz,x- Then, locally at x, Sing{Q) is 
included in the set of points of multiplicity r (or say, r-fold points) of the hypersurface V{{f)). 

In fact Dif fl~^{f) C Dif f^'^^Ir), and the closed set defined by the first ideal is that of 
points of multiplicity r. 

Proposition 3.9. 1) If Q and Q' are Rees algebras with the same integral closure (e.g. if 
Q <Z Q' is a finite extension), then 

Sing{Q) = Sing{Q'). 

2) If Q is a Rees algebra generated over Oz by = {gnW^"- ,ni > 0,1 < i < m}, then 

Sing{g) = nV{Diff'^^{{g,))). 

3) Let Q" = 0/^' ■ W"" be the extension of Q to a differential structure relative to k, as 
defined in Theorem \3.4\ then Sing{Q) = Sing{Q"). 

4) For any differential structure G" = 0/^' ■ W , Sing{G") = V(/f). 

5) Let Q" = 0/^' ■ be a differential structure. For any positive integer r, Sing{Q") = 

v{in- 

Proof. 1) This holds because the order of an ideal in a local regular ring, is the same as the 
order of the integral closure ([Snj Appendix 3). 

2) We have formulated 2) with a global condition on Z, however this is always the case 
locally. In fact, there is a covering of Z by affine open sets, so that the restriction of Q is 
generated by finitely many elements. Let U be such open set, so G{U) = ^ Ik{U) ■ is 
generated by JF = {g^.W"-', Ui > 0,1 < i < m}, gn^ G 0{U). 

The claim is that y G Sing{Q) fl f/ if and only if the order of g^ at Oz,y is at least rij, for 
1 < i < m. 

The condition is clearly necessary. Conversely, if ^ = /„ = Ou[{giW'^^}g.w"z(^j^], and 
each gn^ has order at at least Ui at Oz,y, then J„ (generated by weighted homogeneous 
expressions on the gi^s) has order at least n at Oz,y 

3) We argue as in 2), here we may also assume that there is x G t/, a regular system of 
parameters {xi, . . . ,Xn} at x, and differential operators A" as in the Theorem 13. 4[ defined 
globally at U. 
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The differential structure Q" in the Theorem IH.4[ is a finite extension of the Rees algebra 
defined by 

r = {A"((7„)iy"'-7(7„^iy"> eT,a= (ai, as, • • • , G (N)", and < |a| < n,}. 

Note finally that if the order of at a local ring is > rii, then the order of A°'{gn) is 
> rii — \a\. 

4) The inclusion Sing{Q") C V^(/") holds, by definition, for any Rees algebra. On the other 
hand, the hypothesis ensures that Dif /'^'^{I'J) C /(', so Sing{Q") D V {!'{). 

5) Follows from 4). □ 

4. Simple structures in smooth schemes and projections 

Fix a Rees algebra on a smooth scheme Z, say Q = 0Xfc ■ W''{g Oz[W]), and a point 
X e Sing{Q), let i? be the local ring Oz,x, at a closed point x E Z, and set 

by localization. 

The differential structure spanned by Q induces, a.t x E Z, the differential structure spanned 
by Qx- And this structure is trivial (i.e. equal to -R[W^]), unless x G Sing{Q). 

Definition 4.1. A differential structure Q = @1k ■ W^{c Oz[W]), is said to be simple at a 
point X G SingiQ), if for some n, the order of /„ is n at the local ring Oz.x- 

4.2. Here R = Oz.x is a local regular ring, the graded algebra of the maximal ideal, say 
grM^R) is a polynomial ring. We attach to Q an homogeneous ideal in grM^R) called the 
initial (or tangent) ideal of Qx, which we define as the ideal spanned by lukih), for all index 
k. We may view this ideal as defining a Rees algebra of homogeneous ideals. 

The tangent ideal of a differential structure at a closed point x G Sing{Q) is zero unless x 
is a simple point. Furthermore, if grM{R) = k'[Zi, . . . , Z^] (polynomial ring in n variables), 
it is easy to check that this ideal is closed by homogeneous differential operators of the form 
A"", for any multi-index a = (ai, . . . , a„), defined by taking Taylor developments in terms of 
the variables Zj. In other words, if H is an homogeneous element of degree N in the tangent 
ideal, then A"{H) is homogeneous of degree — |q;| and belongs to the tangent ideal. 

In this way we can think of the tangent ideal of a differential algebra as having a graded 
differential structure. Homogeneous ideals with this property have been largely studied (e.g. 
|29j). If k' is a field of characteristic zero, then the ideals with this property are exactly those 
generated by linear forms, which we may take to be Zi, .., Zr. If k' is a field of characteristic 
p, the ideals with this property are generated by elements of the form 

(4.2.1) ll, . . . .IgQ, IsQ + l, ^Si • J-s, — 1 • • • ^Sj- 5 

t 

where Ij is a linear combination of powers Zj , for St < j < St+i; and no Ij is in the ideal 
spanned by the previous elements. 

It is said that the initial ideal is spanned by a flag of Frobenius-linear ideals (in powers of 
the characteristic). There are two important invariants at the tangent cone at the point: 
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1) the integer Sr, usually called the invariant r of the singularity, and 

2) the smallest integer cq so that is the smallest power which arises in the description 
of the elements li in the previous flag. In general, the order (at R) of /„ is n iff n is a multiple 
of . 

4.3. Let q be an integer such that, for all natural number m, I^q has order mq at the 
local regular ring R. Assume that R is complete. Fix a regular system of coordinates 
{Z, Xi, . . . Xd-i} so that the line V{< Xi, . . . X^-i >) is transversal to the tangent cone. 
Assume that for some index n, there is an element f E In of order n, that multiplied by a 
suitable unit of R, can be expressed as a monic polynomial of degree n in S[Z], where S" is a 
regular local ring with coordinates {Xi, . . .X^-i}, say 

F{Z) = + aiZ"-i + ■ ■ ■ + a„. 

It can be noted that in such case 

J(„) := J„ n S[Z] 

is an ideal spanned by monic polynomials of degree n. To check this, set 

A = S[Z]/ <F>i= R/<f>), 

and note that each g E In has a class, say: biZ""^^ + 62^"^^ + • ■ ■ + On the other hand 

GiZ) = (Z" + aiZ"-i + . . . + a„) + + 62^"-^ + . . . + 6„) 

is a monic polynomial in In H S[Z], and all monic polynomials arising in this manner span 
/(„). In this case J„ = I(n)R, so /„ is generated by monic polynomials of degree n in S[Z]. 

We claim that, ■ W^'^(c -R[W^]) can be generated by elements in 5'[Z][iy]. In fact, let 
JF = {gniW"'\ Hi > 0,1 < i < m} C R[W] be a set of generators of this graded R subalgebra 
of i?[iy]. We may always choose the integer n, above, to be bigger that all nj. As C /„., 
then F{Z) G /„. and each QnW^' can be replaced by GnW"'\ where Gn^ G S[Z] denotes the 
class of gn, in A. 

Another remarkable fact about simple differential algebras at a local regular ring, is that, 
up to integral closure, they can be generated by polynomials in S[Z], say 

= {GnW^'^m > 0, 1 < ^ < m} C 

where each is monic of degree in S[Z] . In fact, if we choose n to be divisible by all n^, 
it is clear that 0/^ ■ is a finite extension of G' = -R[J„iy"](c and, as indicated 

above, /„ can be generated by monic polynomials of degree n in S[Z]. 

Since ■ is a noetherian subalgebra of -R[W^], we may assume that so is 

^I^,yW\(lS[Z][W]). 

In the previous section 11.421 we have defined a natural projection of a simple differential 
structure 04- Vr'^(c R[W]) into a Rees algebra Jk-W^{<Z S[W]). In fact, given Fn G /(„), 
and Gm G /(m), monic of degree n and m, then a number of weighted equations on the 
coefficients have been defined in S. 
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On Rees algebras and finite extensions. 

In this section we discuss the notion of finite extensions of Rees algebras, a concept that 
will arise later with the notion of projection of differential structures. Fix a noetherian ring 
B and ideals defining a Rees algebra 0fc>o h-W" C (c B[W]) as inEHl Set, 0fc>o h-W^ = 
5[{W«,n>0}]. 

An inclusion of Rees algebras n > 0}] C C[{JnW"',n > 0}], is defined by a ring 

extension B G C, and an inclusion of ideals C J„ for each n. 

Given a Rees algebra B[{InW'^,n > 0}] and a positive integer m define 

(4.3.1) V^"'\B[{I„W^,n> 0}]) = 0/„„l^-"(c B[{I^W^,n> 0}]) 

In this way the inclusion 

(4.3.2) V^'^\B[{InW,n> 0}]) C 5[{W",n > 0}] 

is a finite extension of graded rings. 

Let A G B he a. ring extension, and B[{InW^,n > 0}] a Rees algebra. An inclusion of 
Rees algebras arises by setting 

(4.3.3) B[{InW, n > 0}] n A[W], 
(graded subring of y4[iy]). Given a ring extension B C B', then: 

(4.3.4) B[{InW^, n > 0}] C B'[{I'^W^, n > 0}], 
where = InB', also defines a graded extension. 

4.4. Let VT", n > 0}] be a graded structure, and assume that A (Z B is a finite extension 
of rings. In such case one could expect that B[{InW^,n > 0}] be a finite extension of the 
intersection algebra ()4.3.3p . Example 14.61 shows that this is not so in general. However this 
will be the case for our notion of projections of differential structure discussed in the coming 
sections (see Th 14.111) . 

Remark 4.5. 1) The extensions in 14. 3. II is integral, and so is that in 14.3.41 when B G B' is 
integral. 

2) A graded inclusion B[{InW'"',n > 0}] C C[{JnW"',n > 0}] is an integral extension if 
and only if 

V^'^\B[{InW'',n> 0}]) C V^'^\C[{JnW'',n> 0}]) 
is integral for some m. 

Proof. 1) is clear; 2) follows from the finiteness in (j4.3.2p . 

Example 4.6. Set A = k[xi, . . . , xJm G B = A[Z]/ < f{Z) >, where M =< xi, . . . , x„ >, 
and f{Z) is a monic polynomial of degree e, and f{Z) e< M, Z >. 
Let M and denote the maximal ideals of A and B, and assume that 

In{f{Z)) e gr^M,z>{A[Z]) = k[X^, • • • , 
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is such that {/n(/), Xi, . . . , X„} is a regular sequence. 

In such case gruiS) grj^{B){= gr^M,z>/ < In{f) >) is flat. Note that: 

i) x'^ ■ n = ■ ly^ 

ii) The ring extension in i) is not finite unless f{Z) e< M, Z >'^. 

To prove i), use the fact that fiatness ensures that there is an inclusion of graded rings, 
gruiS) C grN{B). 

On differential structures and projections. 

4.7. Fix a simple differential structure ^ in a smooth scheme Z, and x G Sing{Q). Define 
Qx = ®h - W^{C Oz,x[W]) by localization, which again is a simple differential-structure. 
Let S C Oz^x be an inclusion of regular rings defined by a transversal projection as in 14.31 
Set R = S'[Z]<A/g^2>(c Oz,x)- Choose elements faiZ) G I^a), monic of degree Cj in S[Z], 
1 < z < r, and setV = {f.XZ)^^; 1 < i < r} C S[Z][W]. 

So S[Z] C R, and ^[^/[{^(Z)!^^- 1 < i < r}] C G^. On the other hand, as is a 
differential structure relative to the structure field k, it is also closed by differentials relative 
to S] in particular 

5[Z][{A"(/,Jiy"»-7^iy"> G .F, and < a < c,}] C (O. 

Recall that the Rees algebra TZf^_^j^^,...j^^ 42.11) is defined as the graded S subalgebra of 
S'[iy], generated by the finite set 

(notation as in Th ll.26|) . where runs among the generators of the graded algebra 

Rci,...,cr f)l-^5.2|) . and deg G^^^ is the degree of the weighted homogeneous polynomial 

Here S' is a regular local ring, and Sing{JZf^^j^^^,,,j^^) is the closed set in Spec{S) defined 

by the points where each element cA^i^^ ^ • • • ' '^^i'', • • • , cli'K • • • , flcr"*)) ^ S has order at 

least deg G[^^^^^ (Prop El 2)). 

Lemma 4.8. Let Gx = 0-^fc ■ W^{g Oz,x[W]) (localization at x & Sing{G)), be a simple 
differential structure, and set R = S[Z]^Ms,z>ic. Oz,x) as above. Choose elements fc^ G /c, 
which are monic polynomials of degree Ci in S[Z] and order Ci at R = S[Z]^Ms,z>, for 
1 < i < r. Set f{Z) = f^^ ■ /c2 ' ' ' fc,. ^ S[Z], b = ci + ■ ■ ■ + Cr, and consider the finite map: 

n : SpeciS[Z]/{fiZ))) ^ SpeciS) 

1) Locally at x the closed set Sing{G) is included in the set of points of multiplicity b of 
the hypersurface V{{f{Z))). 

2) 'K{Sing{Gx)) C SmgiTZf^ 

Proof. Note that f{Z) G /;,, is an element of order b aX R = S[Z]^Ms,z> and hence at Oz,xi 
so 1) holds by Remark 13.81 In order to prove 2) it suffices to show that the set of points 
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of multiplicity b of V{{f{Z))) map into Sing{TZf^^j^^^,,,j^^). This follows from part ii) in 
Theorem II .261 and Prop 13.91 2), as indicated above. 

□ 

Lemma 4.9. There are elements /d, . . . , /c^, as in the previous Lemma, such that locally at 
x: 7i{Sing{g^)) = Sing(nf^^j^^^,„jJ. 

Proof. It suffices to prove that, for suitable fci,fc2,---,fcr as above, Sing(Jlf^^j^^^,,,j^^) C 
7i{Sing{Q)). Choose any element of order ci in 7^. Since Qx is finitely generated, there 
is an integer hq so that Ino has order hq at Oz,x, and such that is an integral extension 
of Oz,x[/noW^"1(c Oz,x[W]). In such case = Sing^Qx) (Prop EH 5)), and there are 

elements fc2,---,fcr ^ Ino, all of order no, that generate the ideal /„q in a neighborhood of 
the point. 

As indicated in 14. 7^ Sing{JZf^^j^^^,,,j^^) consists of all primes P in S", such that at the local 
regular ring Sp 

^sAG'c,,...,cX<^^\ • • • , • • • , at\ . . . , aM))) > deg G[^_,^ (see iH). 
So if P G Sing(7lf^_^j^^^,,,j^^), Theorem 11.261 i) asserts that the morphism 

Spec{S[Z]/ < f{Z) >) ^ Spec{S) 

is purely unramified over P. In particular 7r^^(P) = Q (is a unique prime in Spec{S[Z]/ {f{Z))). 
But here f{Z) = /ci ■ ■ ■ /c2 " " " fcr, and each quotient Spec{S[Z]/ {fci{Z))) is closed in 

Spec{S[Z]/ {f{Z))), mapping surjectively into Spec{S). So Q can be identified with a prime 
in S[Z] (say Q again), and 

QeV{{U))nv{{U)n---nv{{U)). 

In particular 

SO Q G V{Ino) = Sing{Q), and hence P G n{Sing{Q)) as was to be shown. □ 

Definition 4.10. We now define the elimination algebra TZg as the smallest subalgebra of 
^[ly], containing all (elimination) algebras '7^/c^,/c2, - Jcr' all choices of r, and of elements 
fci{Z) G I(ci) monic of degree q in S[Z]. Note that, as any graded subalgebra, it can be 
expressed in terms of ideals Jk in S, namely: 

ng = ^Jk-w\c s[w]) 

for suitable ideals Jk in S. 

There is a natural inclusion of graded algebras T^fc^jc^,...jc^ ^ "^/^j.-.-jcr • 
fci{Z) G I{ci), monic of degree Ci in S[Z], we may also define TZg as the smallest subal- 
gebra containing all those of the form 'Tl-f^^j^^,...jcr (including the fixed element /cj. 
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On the other hand we can define B = S[Z]/ {fc^{Z)), and consider the algebra induced by 
restriction of ^, say: 

Q = ®lk-W\GB[W]), 

where Ik = IkB. 

Theorem 4.11. Set R and S as before, namely R = S[Z]^Ms,z>; and a simple differential 
structure Q = //t ■ W''{g R[W]). Fix fci{Z) G Ici, monic of degree ci in S[Z]. Set 
B = S[Z]/{f,,{Z)), and 

TT : Spec{S[Z]/{f,,{Z))) ^ Spec{S)). 

i) Sing{g) C V{Diff'^-\{f,,{Z)))), and 7:{Svng{g)) = SmgiUg). 

a) The elimination algebra IZg is included in Q n S\W] (as subalgebras of S\W]). 

Hi) Q is integral over TZg (in particular Q fl S\W] is integral over TZg ). 

iv) The algebra Qr\S\W] is, up to integral closure, independent of the choice of fc^{Z) G I^- 

Proof, i) The first inclusion is 13.81 The equality follows from Lemmas 14.81 and 14.91 

ii) It suffices to show that each algebra 'Tlf^^j^^,...jc.r (/ci ^ls above) is included in ^n5'[iy] as 
graded algebra. This will follow, on the one hand from 11.3^ and, on the other hand, on the 
fact that Q is closed by the action of differential operators in the variable Z. In fact, recall 
that '^/c^,/c2.---,/cr defined in terms of the universal polynomials Fc^, Fcj, . . . , -Fcr? and the 
Rees algebra -Rci,c2,...,c,. (see Def 11.42^ . Fix an homogeneous element of degree m, say Gm, in 
Rci,c2,...,cr- Corollarv ll.33t 2) says that Gm can be expressed as a polynomial in 

{i^if\0<j<Q,l<2<r}, 

{Fcp defined in terms of differential operators) with coefficients in the field k. Furthermore, 
such expression of Gm = Gm{FcP) is weighted homogeneous, provided Fcp is given weight 
Ci—j. The elements fc^.fc^,---, fcr are defined from Fc^, Fc^, • • • , Fc^ by base change, and each 
/c- is homogeneous if degree Cj in Q. Therefore the elements /if'' (defined in terms of differential 
operators) are homogeneous of degree Q— j in the differential structure and Gm{fcP) (image 
of Gm{Fcp)) is homogeneous of degree m in Q. This proves that "^/c^jcav-./cr C ^ fl S[W] as 
graded algebras, since T^/c^jcav Jcr graded algebra generated by all GmifcP)- 

iii) Choose a positive integer uq with two conditions. First that V^("")(^) be a usual Rees 
algebra defined by the ideal Ino (i-e. V'^'^°\G) = ©fc(/no)^W^^"°)- And second that the order 
of Ino at the local ring i? is no. 

Such choice of uq and /„(, is possible since Q is finitely generated and simple. 

The ideal /„q can be generated by elements of order uq in the local regular ring R; and, 
replacing R by its completion, we may assume that it is generated by monic polynomials, say 
/2(Z), . . . friz) in the variable Z (/^^ =< /2(^), . . . , friZ) >). 
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Recall that B = S[Z]/{fc-^), and set = InB, and G /„-B as the class of /j. In order to 
prove that Q is finite over the subalgebra TZg, it suffices to prove that the finite elements /j 
are integral over TZg. Note that: 

a) the elements Fc.(Yi), 1 <i <r are integral over Rci,c2,...,cr (see Corollarv 11.331 1)). 

b) Fc^Yi), 1 < i <r are elements in 

(seeESH). 

c) B and T^fc,jc2,- -,fcr defined from k[s[ \ . . . , sij^ , . . . s[ 

from -Rci,c2,.-.,cr by base change: k[s^^\ . . . , Sci\ • • • s^^\ . . . , ScJ] 5' (jl.42|) . 

This shows that the elements are integral over -R/c^,/c2.---./c,. ' ^^'^ hence over TZg. 

(iv) Follows from (iii), since TZg is defined independently of the choice of fci{Z) E I^- □ 

Corollary 4.12. The singular locus of the differential structure Qx = @Ik- maps bijec- 
tively into the singular locus of the elimination algebra TZg, which coincides with the singular 
locus of Tig . In fact TZg is a finite extension of Tig . 

Proof. The elimination algebra TZg has been defined as a direct limit of algebras TZf^^j^^^,,,j^^ 

()4.10|) . And "T^/c^jca. ■■■,/=,. is the pull-back of Rf^^j^^,...jc^ viewed as a graded subring in T\yV] 
(see ll.4U'|) . The claim follows from Proposition 11.381 and Definition 11.421 □ 



Theorem 4.13. Fix a simple differential structure locally at a point x G Sing{Q). Set R and 
S as before, namely R = S[Z]^Ms,z>; and say Qx = /fe ■ W^i^C. R\W]). The elimination 
algebra TZg{c. S\W]) is a graded subalgebra of Qx{c R\W]), via the inclusion S\W] C -R[Vr]. 

Proof. Recall, as in the proof of the previous corollary, the definition of TZg in terms of algebras 
dUni). And that is the pull-back of (see ODD. The 

claim follows from Prop IT!^Hl and Corollarv 11.301 which show that T^/^^j^^.- Jcr is generated 
by elements which are weighted homogeneous on elements of A^(/c.)iy^'~^, < e < q — 1; 
and hence by homogeneous elements in Q. 

5. On differential invariants and projections. 

The local ring at a point, say x, of a smooth scheme V is the local regular ring Ov,x- There 
is a well defined notion of order for ideals in a local regular ring. So a sheaf of ideals, say 
/ C Oy, defines a function from V to the integers, by considering, at each point x E V the 
order of the ideal at Ov,x- In Proposition 15.21 we recall the extension of this notion of order 
at a point of V^, to the case of Rees algebras Q onV . 

In Theorem 15. 51 we study the behavior of this notion of order with our notion of elimination 
of one variable, defined in terms of projections. 
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In Prop osit ion 15 ■ 1 2l we show that Hironakas r-invariant has the expected behavior in pos- 
itive characteristic when considering ehmination of one variable (as the known behavior of r 
in characteristic zero). 

5.1. The notion of Rees algebras Q = 0fc>i /fc ■ parallels that of idealistic exponents 
in |22]; and the notion of singular locus Sing{Q), is the natural analog for that defined for 
idealistic exponents. 

We recall the definition of a function, which is the natural analog of that defined by 
Hironaka for idealistic exponents. We follow here the presentation of section 6 in Fix 
X e Sing {g). Given e InW, set 

or4(/n) = ^ e Q; 
n 

called the order of /„ (weighted by n), where z/^ denotes the order at the local regular ring 
Oz,x- As X E Sing (Q) it follows that ordx{fn) > 1- We also define 

ord^iG) = tnfiordxifnyjnW'' e hW^}. 
So, in general ordx^Q) > 1 for any x G Sing (Q); and a differential structure Q is simple at 
X iff or4(^) = 1 (lO) . 

Proposition 5.2. 1) If Q is generated over Oz hy T = {gniW'^\ni > 0,1 < i < m}, then 

ordx{Q) = inf{ordx{gnJ] l<i< m}. 

And if N is any common multiple of all ni,l < i < m, then ordxiQ) = 

2) If Q and Q' are Rees algebras with the same integral closure (e.g. if Q <Z Q' is a finite 
extension), then, for any x G Sing{Q){= Sing{Q')) 

ordxiQ) = ordxiQ'). 

3) Let Q" = ■ W"- be the extension of Q to a differential structure relative to k, as 
defined in Theorem \3.J\ then for any x G SingiQ)i= SingiQ")). 

ordxiQ) = ordxiQ"). 

All assertions are easy to check . Note that the assumption in (1) always hold at an affine 
open set of Z. 

5.3. Fix a differential structure Q = ©fc>i /fc ■ W' over a smooth scheme V and a closed 
point X G SingiQ). Assume that x is a simple point, or equivalently, that ordxiQ) = 1. In 
such case there must be an index n so that Vxiln) = n (order of /„ at Ov,x)- In other words, 
there is an homogeneous element of degree n, say ■ E Q = 0fc>i h ■ W^, so that 
has order n at Ov,x- We claim now that if Q is integrally closed (i.e. equal to its integral 
closure in Oy[iy]), then /„ can be chosen to be analytically irreducible at the local regular 
ring Ov,x- This would show, in particular, that f^iZ) G S[Z] can be chosen to be irreducible 
in Theorem 14.111 

Note here that if Q' denotes the integral closure of Q in Ov[Z], then Q G Q' is a finite 
extension. In Theorem 6.13 of ,34J; it is shown that whenever ^ C ^' is a finite extension of 
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Rees algebras, there is an inclusion of the differential structures spanned each of them, which 
is also finite. In particular, as we are assuming that Q is already a differential structure, its 
integral closure is also a differential structure. 

Assume that has order n at Ov,xi and let = (7^1 • 5'r2 " " ' 9rs be a factorization as 
a product of irreducible elements at the henselization of Ov,xi say R. Then each is 
analytically irreducible, and if denotes the multiplicity of each g^^ at the local regular ring 
i?, then ri + r2 + ■ ■ ■ + Ts = n. 

Since the Weierstrass Preparation Theorem holds at henselian local rings, there is a regular 
subring S C R, and a polynomial ring S[Z] C R, so that up to multiplication by units, 
fn = Fn{Z) and each g^^ = Gr2{Z), where = G^i ■ ■ ■ ■ is a product of irreducible 

polynomials in S[Z], where each GrX^) is monic of degree rj. As each Gi{Z) involves finitely 
many coefficients in S, we may also assume that all statements hold al a suitable etale 
neighborhood of the closed point x. Any differential structure is also a relative differential 
structure; and it was proved in 11.431 that each Gr^Z) ■ W'''' is in the integral closure of Q at 
such etale neighborhood (see ()1.43.2|) ). 

In particular, if we pass from Q to its integral closure, then we may assume that fci{Z) is 
irreducible in S[Z] and analytically irreducible in Ov,x ? in Theorem 14.111 

5.4. Given a differential structure Q and a simple point x G Sing{Q), Theorem 14. Ill provides 
an elimination algebra TZg on a regular scheme Spec{S). We claim that this regular scheme 
can also be taken to be smooth over a field. In other words, that the elimination algebra 
can be defined within the class of smooth schemes over a field. In fact, let x G Sing{Q) be 
a simple closed point of a differential structure Q over a smooth scheme V of dimension d. 
The previous discussion also shows that after restriction to a suitable etale neighborhood of 
X, there is a smooth scheme V^^^ of dimension d — 1, and a smooth morphism tti : ^ — > V^^\ 
so that n'g^ Km can be defined at V^^^; and S can be taken to be Oy(i) in Theorem 

EU 

Furthermore, we may take fci{Z) to be a global section at a suitable etale neighborhood, 
and define TZ^g^ C Cy(i) [VT] so that 7ri{Sing{Q)) = Sing{7Zg^^). The setting of Theorem 14.111 
holds at any closed point y G Sing{Q) by taking S = Oyw ^^_^(^yy 

Theorem 5.5. Fix a simple dosed point x G Sing{Q). Let Hi : V ^ V^^^ and 712 : V ^ V^'^^ 
be as above, two morphisms of smooth schemes (dim{V^^^) = dim{V^'^^) = d—1); defining 
elimination algebras, say TZg'' C and TZ^g^ C 0^(2) . Then 

or4^(^)(7^^i^) = ord^2{x){'^g^)- 

This shows that orc?7r(^)(7^g) is an invariant of x G Sing{Q) (i.e. independent of the 
projection vr). 

We will introduce some notation and discuss preliminary results before we address the 
proof in I5.1UI 

5.6. Let . . . , x^]] be the ring of formal power series over a field k\ and let fc an irreducible 
element of multiplicity c. Let B denote the quotient k[[xi, . . . ,a;rf]]/(/c), which is a domain 
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with quotient field, say L. Weierstrass Preparation Theorem asserts that for a sufficiently 
general choice of coordinates we may assume that, up to multiplication by a unit, fc is a 
monic polynomial of degree c in the variable x^, and that the class of Xi, . . . , Xd-i in B span 
a reduction of the maximal ideal. 

Here B is a finite extension, and a free module of rank c, over the subring of formal power 
series, say S = k[[xi, . . . ,Xd-i]]- Let K denote the total quotient field of S, and note that L 
is a finite extension of degree c over K. 

For each discrete valuation ring, say V in L, we consider the restriction, say 

VK = VnK. 

We can identify the group of values of V with the integers Z, , and define the ramification 
index of V over Vk to be the index in Z of the subgroup of values of Vk- 

Let Spec{B) ^ F denote the normalized blowup of B at the maximal ideal. Let Hi, H2, . . . ,Hi 
denote the irreducible exceptional hypersurfaces of F, and let Vi, V2, . . . , V; denote the dis- 
crete valuation rings in L , where each Vi is the local ring of the normal scheme F at the 
generic point of the hypersurface Hi. 

Let Spec{S) Y denote the blow up of S at the maximal ideal (i.e. the quadratic 
transformation). So here Y is regular, and has one exceptional hypersurface h, let Vs be the 
local ring of Y at the generic point of h. Vs is the valuation at K which extends the order at 
the local regular ring S, for elements in S. 

Lemma 5.7. For each discrete valuation ring Vi , i = 1, as above, the ramification index 
of Vi over (l^)i^ is the order at Vi of the maximal ideal of B. 

Proof. Let Spec{B) ^ Y denote the fiber product of Spec{S) ^ Y with the finite morphism 
Spec{B) — >• Spec{S). Note that Spec{B) ^ Y is also the blow up of B at the ideal spanned 
by the elements xi, . . . , Xd-i, say (xi, . . . , Xd-i)B. So F is a finite extension of Y, and the 
total quotient field of Y is L. Since (xi, . . . , Xd-i)B is a reduction of the maximal ideal of 
-B, it follows that F is the normalization of Y , and that = Vs for all z = 1, . . . , L 

Furthermore, as the ideal spanned by xi, . . . , Xd-i has order one at Vs, it also follows that the 
ramification index of Vi over Vs is the order of the ideal spanned by xi, . . . , Xd-i at Vi. But this 
is the order of the maximal ideal of B at Vi. In fact, the maximal ideal and (xi, . . . , Xd-i)B 
have the same integral closure. 

Remark 5.8. Fix notation as above, and let Cj denote the ramification index of Vi over 
iyi)K = Ks; for 2 = 1, . . . , /. Let J be an ideal in the local regular ring S. The order of J 
at S is the valuation of J at V5, say 6 G Z. It follows from Lemma [5.71 that the order of the 
extended ideal JB at the valuation Vi is the integer 6 ■ Cj. 

Corollary 5.9. The ramification index of each Vi over (l^)/^ is independent of the choice of 
Xi, . . . , Xrf_i (i.e. of S = k[[xi, . . . ,Xd^i]] C B), as far as (xi, . . . ,Xd-i)B is a reduction of 
the maximal ideal of B. 
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5.10. Proof of Theorem 15. 51 Here ^ = ■ W^{c Ov[W]) is a differential structure and 

X e Sing{Q) is a simple point. Set tti : V — > V*^^) and 

for suitable ideals J^^"* in Oy(i). 

Let = 0(/a;)x ■ Vr'^(c Ov-.xfM^]) be the localization at x G V^. As the point x is simple 
there must be an index c and an element fc G (/c)x of order c at Oy^x- At a suitable etale 
neighborhood of x and 7ri(x), tti induces a finite morphism from the subscheme defined by 
{fc) to V^^\ In particular, a finite morphism 

TTi : Spec{Ov,x/ ifc)) Spec{Ov(i),x)- 

Weierstrass Preparation Theorem asserts that (at a suitable etale neighborhood), setting 
5* = Oy(i) ^, there is an inclusion of regular local rings, say R = S[Z]^Ms,z> C Ov,x, and a 
monic polynomial of degree c, say fc{Z) G S[Z], so that 

B = Oy,x/{fc) = S[Z]/{fciZ)). 

Let ^ = /fc ■ Vr'^(c be the algebra induced by restriction of Q, where Ik = hB. 

Theorem I4.1H (iii), states that up to integral closure, the localization of TZ^g^ at 7ri(x) is 
gr\S[W]. In particular ord^^(^){nf) = ord^,(^x)(U n S[W]) (jSH (2)). 

Note that if ^ C ^' is a finite extension of differential structures in Ov-iW^], then the 
restrictions to say ^ C ^ , is also a finite extension. Therefore Q fl S[W] C Q H S[W] 

is a finite extension, and hence ordT,^i^x^{Q fl S'[iy]) = ordT,^{^x){Q H ()5.2^ (2)). 

As the integral closure of a differential structure is a differential structure ()5.H|1 . we may 
assume, for the proof of this Theorem, that Q is integrally closed. In particular, as indicated 
in ()5.3|) . we may assume here that fc G Ic is chosen to be analytically irreducible. In other 
words, we may assume that the completion of local ring B is irreducible. 

Set Si = and S2 = Oy{2)^^^. Both play the role of S in the previous discussion. Set 

now, by localization at vrj(x) : 

(T^fUx) = >/f ■ W\C S^) {^ = 1, 2). 

Each TZg^ is a Rees algebras over the smooth scheme V^*-*^ The claim is that 

ord^,{x){T^g^) = o^c^TrawC^^^^)- 

We can choose an integer A^, so that both ordj^^(^x){TZg^) = '^'"'^"'j^ ^ , for i = 1,2 (see Prop 

\b.2U l)). In particular it suffices to show that i^ni{x){JN^) = ^■k2{x){J'n')^ where v-^^^x) denotes 
the order at the local regular ring Si (i=l,2). 

Within the local ring B there are two regular local rings Si and 6*2. Theorem l4.1H (iii) 
asserts that the inclusions 

i-^fUx) = ®Jt^-w'cig = @-h- w\ci B[w]) 
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are both finite, for i = 1,2. We can clioose tlie integer so tliat, in addition to tlie previous 
conditions, V^^W), V^^^^(7^^;^^)^l(x)), and V^^^^(7^^f^)^2{a;)) are all Rees rings of ideals. As 
F^^^(7?.g C V^'^\Q) is a finite extension of Rees rings (see Remark it follows that 

J^"* ■ B, and In have the same integral closure. A similar argument proves that the three 
ideals: J^'' ■ B, J^"* ■ B, and In have the same integral closure at B. 

Fix notation as in l5.6l where Spec{B) ^ F denotes the the normalized blow up of B at the 
maximal ideal, and Vi, . . . , VJ are valuation rings corresponding to the irreducible exceptional 
hypersurfaces in F. Set S = Si and let Spec{S) <— Y and Vs also as in 15.61 

Fix the valuation ring among Vi, . . . , VJ, say Vi. As Vi dominates the local domain B, and 
■ B, and In have the same integral closure at 5, it follows that both ideals have the same 
valuation at Vi. 

Let ei denote the ramification index of Vi over Vs. Remark 15.81 savs that the valuation of 
the ideal J^^ ■ B at the valuation ring Vi is J^sAJn^) " Ci- Finally CoroUarv 15.91 insures that 

as both coincide with the order of Jat at Vi. In particular vsxiJN^) — ^S2{Jn^)i as was to be 
shown. □ 

On Hironaka's r-invariant and projections. 

5.11. We now discuss a property of elimination of one variable which parallels well known 
properties of elimination (or induction) in desingularization theorems over fields of charac- 
teristic zero. To clarify this point recall that the elimination of a variable, when passing from 
a differential structure Q to the structure TZg, is defined locally at a point x G Sing{Q) when 
this point is a simple point. 

Recall that an homogeneous tangent ideal is defined at the point in this simple case, and 
that r = is strictly positive in (j4.2.1|) . In the case of characteristic zero Sq = s,., and the 
algebra obtained by elimination will also be simple, unless r = sq = 1. In fact if r > 1 at 
X G Sing{Q), the invariant r' in the elimination algebra is r — 1. The following results shows 
that this also holds in the context of positive characteristic. 

Proposition 5.12. //, in the previous setting t{Qx) > 1, then the elimination structure TZg 
is a simple structure. 

Proof. In what follows we assume that R is the completion of the local ring at a closed point. 
After change of base field, which does not affect our arguments, we may assume that the closed 
point is rational over the field k. Let {z^Xi, . . . be a regular system of parameters at 

M (the maximal ideal of i?), and set 

grM{R) = k[Z,Xi,...,Xd_i] 

the graded ring, so the variables are the initial forms of the parameters. 
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In this case we may assume that the ideal of the tangent cone is generated by p-th 

e' e" 

powers of these variables. Assume that there are at least two elements, say Z'p , Xf e 
k[Z, Xi, . . . , Xd-i], in the tangent ideal. 

For a suitable p-th power, say n, there is an element G /„ [n = p*^), and an element 

gn G In, such that: 

i) lUpB^Fpe^z)) = Z^^ , and 

ii) Inpe{gp.) = Xf. 

Weierstrass Preparation Theorem allows us to assume that 

Fp.{z)eS[z] 

is a monic polynomial in the variable z, where {S, N) is the formal power series ring, and the 
maximal ideal is generated by the regular system of parameters {xi, . . . ,Xd-i}- In fact, 
multiplication by a unit modifies the initial form by multiplication by a non-zero constant in 
the field. Set 

Fpe{z) = zP' + aiz^'"^ H h Ope e S[z], 

and note that usi^ai) > i. We claim that the class, say 

g^. = b,zP'-^ + b^zP^-^ ■■■ + bpee S[z]/ < Fpe{z) >, 

is such that I'sipi) > i for 1 < i < — 1, and IriNippe-) = Xf . This can be checked at the 
formal power series ring R. In fact the class is obtained by replacing the powers z'^ , for all 
N > p^, in the formal expression of gpe, by smaller powers. And this is done by means of the 
relation: 

z^^ = —aiz^"'^ — . . . — dpe. 

But —aiz^"'^ — ■ • ■ — Ope G M^^^^, so this operation does not affect the initial form of gpe. 
The ring S[z]/ < Fpe(z) > is a free S module, and multiplication by gpe has a characteristic 
polynomial. The norm, say 

I V I = n (^i^f ~^ + ^2^f ■■■+bpe), 

l<i<p'^ 

is defined formally as this product, where Zi are (formally) the images of z in the different 
embeddings. The product is a linear combination on the symmetric functions on Zi, which 
in turn are weighted functions on the coefficients Oj. Since I'siO'i) > h the order of these 
elements is higher then the expected order, so 

Ins{\b,zP''' + b2zP^-' ■ ■ ■ + VI) = 

and the weight of the norm \'g^\ G 5* is precisely (p*^)^ (i.e. I^IW^*-^"-*^ G Hg). 

This shows that Tig is simple, and hence TZg is simple fj4.12j) . □ 
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6. MONOIDAL TRANSFORMATIONS OF STRUCTURES AND EXAMPLES. 

Definition 6.1. Let G = @ h ■ C Oy he a Rees algebra over a smooth scheme V. A 
monoidal transformation with smooth center Y (ZV, say V < — V, is said to be permissible 
for ^ if F C Sing{g). 

The exceptional locus is a smooth hypersurface, say H C V. Since /„ has order at least n 
along Y, InOv' C I{H)^. In particular , there is a factorization, say 

for a unique sheaf of ideals In \ which we call the weighted transform of /„. The weighted 
transform of Q will be the Rees algebra: 

0/«-iy^C Ov,[W]). 

Assume that, after restriction to an affine open set of V , Q is generated by JF = {gnW'^^rii > 
0, 1 < < m}. The total transform of gn, is an element of I{H)^^ (i.e. vanishes along the 
hypersurface H with order at least Ui). And the total transform of Q is generated by in 

There is an open covering of V, so that locally gn^Oy =< g'n^ > ■I{H)'^* , for a principal 
ideal spanned by some g'^.. This defines g'^. locally, and up to a unit. Any such g'^. will be 
called a weighted transform of gn^ . 

Proposition 6.2. Let Q = 0/^ • W''{c Ov[W]) be a Rees algebra on V, generated by 
elements {5'A^lW^^^ . . . , ONs^'^"} i ^'^^ V ^ V be a permissible monoidal transformation. 
Then the weighted transform of Q is (locally) generated by {g'j^_^W'^^, . . . ,g'j^W^^}, where 
each g'^^ is a weighted transform of gj^i^. 

(see |HS] Prop. 1.3). 

Remark 6.3. \i Q = @ Ik ■ C ^' = ■ is a finite extension of graded algebras in 
then Sing{Q) = Sing{Q') ()3.9|) . and there is an inclusion of the weighted transforms, 
say (^)i C {G')i which is a finite extension on V . 

Remark 6.4. It is convenient to pass from an arbitrary Rees algebra to a differential struc- 
ture, say to the differential extension. For one thing the differential extension does not affect 
the singular locus. On the other hand the weighted transform of a differential structure is 
not necessarily a differential structure. This rises some question of compatibility of these 
extensions and with monoidal transformations. 

Suppose that a hypersurface X, embedded in a smooth scheme V , has points of multiplicity 
h and no point of multiplicity 6+1. In order to study the b-fold points we consider the Rees 
algebra, say Q = Ov[I{X)W'']. Note that Sing{Q) is the closed set of points where the 
hypersurface has multiplicity h. V ^ Vi a monoidal transformation at F C Sing{Q). Let Qi 
be the weighted transform of and set Xi as the strict transform of X. Then Qi is the Rees 
algebra OyJJ(Xi)Vr''], so Sing{Qi) is the set of 6-fold points of Xi. 
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Consider again the situation at V. And pass from an ordinary Rees algebra Q, to the 
differential structure that it spans, say Q'. So locally at s G Sing{Q) = Sing{Q'), we have 
defined a projection TZg'. 

The monoidal transform V ^ Vi defines a transform of Q', say Q[, and clearly 

Gi c g[. 

Our interest is on the 6-fold points of Xi, namely on Sing{Qi) . We can consider the 
differential structure generated by Qi. It is therefore clear, that in a step by step argument, 
we would like to relate the differential structure spanned by Qi, with that spanned by Q[. In 
Theorem lfi.fil we address this form of compatibility of monoidal transformations and extensions 
by differential operators. 

6.5. Fix three Rees algebras on smooth scheme V, say 

Q = cg' = 0/;w^" c g" = 0/;'i^-, 

as in Corollary 13 .51 so that Q" is the differential structure spanned by Q. Then 

Sing{Q) = Sing{Q') = Sing{Q"). 

In particular, a monoidal transformation V < — V , at a smooth center Y C Sing{Q), defines 
weighted transforms, say Q^^\ G'^^\ and Q"^^\ 

The following result is the so called Giraud's Lemma, formulated here in the context of 
graded and differential structures. 

Theorem 6.6. Let Q (Z Q' G Q"{<Z Ov[W]) be an inclusion of Rees algebras as above, so 
that Q" is the differential structure generated by Q. Fix a monoidal transformation V < — V 
with center Y C Sing{Q). Then 

1) C g''^^^ C g"^^\G Ov\W]), and 

2) all three Rees algebras in 1) span the same differential structure in V . 

In particular, the condition on the inclusion Q <Z G' in Corollary \3.3. is preserved by 
weighted transformations of Rees algebras. 

Projection of differential structures and monoidal transformations. 

6.7. Consider a simple differential structure Q and a closed point x G Sing{Q). Set 

Since the structure is simple, there is an index ci and an element G Ic^ of order ci at 
Ov,x- At a suitable etale neighborhood, or at the completion Ov,x, we can assume that 
is a monic polynomial of degree Ci in S[Z], and of order ci in i? = S[Z]^Ms,z>i where S is 
regular, R C and R = Ov,x- These data define a finite morphism 

'K:Spec{S[Z]/{f,,{Z)))^Spec{S)). 
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Here we view X = Spec{S[Z]/ {fc^{Z))) as a hypersurface in V . Theorem I4.1H (i), asserts 
that, locally at x, Sing{Q) is included in the Ci-fold points of this hypersurface (i.e. in 

v{Difr^-\{f,,{z)))). 

Under these conditions vr is one to one on the closed set V{Dif ^{{fc^{Z)))). Further- 
more, if y is a closed and smooth subscheme of V{Dif f'^^~^{{fc^{Z)))), then Y is isomorphic 
to 7r(F)(c Spec{S)). So both Y in V, and 7i(Y) in Spec{S), are regular centers. 

Let now V ^ V, and Spec{S) ^ U, denote the monoidal transformations at Y and 7r(y) 
respectively; and let X' denote the strict transform of X. The hypersurface X' has at most 
points of multiplicity Ci. Let F(c X') denote the closed set of points of multiplicity Ci. After 
replacing X' by a suitable neighborhood of F, we may assume that there is a finite morphism, 
say X' — s> U, compatible with vr. 

If the regular center Y was chosen in Sing{Q), then a weighted transform, say 

Gi = ®I^'>-W'{c Oy,[W]) 

is defined. As I{X) C I^, it follows that I{X') C lil^ (where I{X) and I{X') are the sheaves 
of ideals defining X and X' respectively). In particular Sing{Qi) C F (points of multiplicity 
Ci). Fix a closed point y G SingiQi) mapping to x. Locally at y there is a finite morphism 

7r':5pec(5'[Z]/(/;(Z)))^f/, 

where /^^ is a weighted (or strict) transform of Z^. Let Q[ be the differential structure 
generated by Qi. According to Theorem 14.111 locally at TT'{y), there is an elimination algebra, 
say 

Ug,^ C Ouyiy)[W]. 

Remark 6.8. Suppose that locally at the simple point x G Sing{Q), as above, we fix two 
projections, say tci : V ^ V^^^ and 7^2 '■ V ^ V^'^^ (two morphisms of smooth schemes 
{dim{V^^^) = dim{V'^^^) = d-l). 

The monoidal transformation V V at a center Y C Sing{Q) defines a transform, say 
Qi, and this in turn spans a differential structure Q[. 

The previous discussion shows that one can define, say V"*^^-* ^ U'^^\ the monoidal trans- 
formation with center iiiiY)] and K*-^^ ^ U^'^\ with center (V). It also indicates that if we 
fix a point y G Sing{Q[), mapping to x, then we can define two different structures, say 

7^« C and 41 C Oui.^y^^y)[W]. 

The same argument used in the proof of Theorem 15.51 fsee IS.lOj) . shows that 

ord^[{y){T^'g)) = ord^>^(y){n^gl). 

Furthermore, a similar result holds after applying several permissible monoidal transfor- 
mations over the original simple differential structure Q. 
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6.9. Note that in the setting of lfi.7[ since Y C Sing{Q), tt{Y) C SingiJZg), and there is also 
a weighted transform, say 

{Ug), C Ou'[W]. 

The question now is to relate the Rees algebra (TZg)! with TZg:^, locally at the point n{y). 
One can check, from the definition of elimination algebra, that there is an inclusion: 

(6.9.1) (7^g)lC7^g^. 

Here (7^g)i is the transform of TZg by one monoidal transformation. If we could guarantee 
that Sing{lZg)i = 7i'{Sing{Qi), we could identify the singular locus of Qi (i.e. of Q'l) with the 
singular locus of the transform of TZg. If furthermore, this link between Q and TZg is preserved 
by any sequence of monoidal transformations, then we have achieved a way of representing 
the singular locus of Q which is stable by monoidal transformations (see property (C), of 
stability of elimination, in the Introduction). 

This will be the case when the invariant Cq attached to the simple point x in 14.21 is one. In 
this case f^g can be taken to be a monic polynomial of degree 1, defining therefore a smooth 
hypersurface, and in such case TZg is simply the restriction of Q at such smooth hypersurface. 
The notion of restriction of differential structures on a smooth subcheme appear in [23^ and 
also in [21] (see also section 5 in [S3)- When this holds, then the terms in 16.9.11 span the 
same differential structure. In particular: 

(6.9.2) Stng{{TZg)i) = Sing{TZg,) = -k' {Sing{g^)). 

And furthermore, a similar result holds for any sequence of, say r, monoidal transformations, 
namely that there is an inclusion {TZg)r C TZgi^ and both terms span the same differential 
structure. In particular: 

(6.9.3) Sing{{TZg)r) = Sing{TZg>^) = n\Sing{gr))- 

This is not the case, at least in general, when the invariant Cq is a power of the characteristic. 
The following examples illustrate this pattern of behavior. 

Example 6.10. The following is an example in characteristic zero, which illustrates that 
(7?.g)i and TZg'^ span the same differential structure; as indicated above. In characteristic 
zero, Co is always 1, in particular ()6.9.2|) always holds. 

Set R = Q[Y,Z]. Consider the Rees algebra in i?[iy] generated (over R) by the ele- 
ment (Z^ + Y^)W^. Let Q = 04 ■ W''{c R[W]) be the differential structure generated 
by this graded algebra. According to Theorem 13.41 and formula ()3.4.H) . Q is generated by 
{2ZW, 5Y^W, {Z^ + Y^)W'^}, or say {ZW, Y^W}. 

The projection in S = k[Y], namely TZg is generated by {y^iy}. 

Consider the quadratic transformation at the relevant chart Q[y, Zi], where Y ■ Zi = Z. 
Here Qi is generated by {ZiW, Y^W} which is already a differential structure. The projection, 
say TZg^ is the S subalgebra in S[W] generated by {F^VT}. One can check now that TZg-^ = 
(TZg) I in this case. 
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Example 6.11. The following is an example in which (TZg)i and T^gj do not span the same 
differential structure. 

Fix a field k of characteristic two, and set R = k[Y,Z]. Let ^ = 04 ■ W''{c R[W]) 
be, as before, the differential structure generated by (Z^ + Y^)W^. Here Q is generated by 

The projection in S* = k[Y], namely TZg is generated by {F^W^^}, so up to integral closure 
it is generated {F^l^}. To check this fact consider 

'K:Spec{S[Z]/{f,,{Z)))^Spec{S), 

where = Z^ + Y^. This is a purely inseparable extension, and the projection TZg is (up to 
integral closure) generated by the coefficients of the characteristic polynomial of multiplication 
by Y"^ in the free S'-module B = S[Z]/ (fc-^^^Z)) (see Corollary I4.12j) . In this case Hg is 
generated by Y^W"^, so up to integral closure TZg is generated by Y'^W. 

Consider the quadratic transformation at the relevant chart k[Y,Zi\, where Y ■ Zi = Z . 
Here Gi is generated by {Y^W, {Zf + Y^)W^}. 

Let Q'l be the differential structure generated by Qi. Then the projection TZg' is, up to 
integral closure, generated by {F^iy}. So in this case T^gj spans a differential structure 
different from that of {TZg)i. In fact (TZg)! is generated by Y^W. 

6.12. The situation in l6.111 in which in which (7^g)i and TZg/^ do not span the same differential 
structure, can only occur when the invariant cq is not 1. In this case p = 2 and cq = 2 for 
the differential structure ^ = 04 ■ W'ic R[W]). 

An interesting case, also computable from our invariants, is that of Z^ + X^^Z + X^^ in 
characteristic 3. The invariant cq at the origin is 3. This curve is analytically irreducible, the 
singularity is resolved with five quadratic transformations. 

In this case TZg'^ spans the same differential structure as (7^g)i for the first transformation, 
but not for the next 4 quadratic transformations. 
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